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Unit 17 LINE IN A PLANE' ,

(Contains.Subuniis 17.b Through 1.7.1)

Ration0le

By the end of this unit, you,will be concerned with being

able to do two things, (fl constructing the graph and in*preting

it when yomre'given the equation, of a line, ind12) whk given

some conditions-or data, determininy the equaiicin of the line that

satisfies thoseconditions.

a

An old Chinese.proberb says "A picture is worth a thousand
1

words". So the picture or graph of an equation is very valuable

if you are able to use that picture to interpret information depicted
.;

.by it. One ofqthe pleces of information you should be able to
,4

determine from the graph of a line is the slope of the line; another

would be the x and y intercepts of the line.

0

Since the line is a math6atical model for many physical

1

phenomena, it is advantageous to be able to describe, in terms of
0 ,

.1

an equation, that phenomena. For instance, in electronics,.any

electrical device whose I NS E curve bxhibits the'propertysthat,

'the ratio of the current through the devite to the voltage across
% A

it 'is a coptant (the graph is a line) is a linear resistance; :In

physics, Hooke's Law states, "The elaStic deformation (of 0 spring) J's

directly proportional to the force if the elastic fimit is not,exceeded."
.

Hence the grapit of d s elongati pi -is

S.

This unit is broken' into, 5 subunits -7 one of each dealing ,

with liöintt, line segments, and vectors am] edeal1n9 with lines.v
A

'

. I

1

I
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17.5 a) Write an'ecluation in any of the requested standard forms'.
.(slope-intercept, poipt-,slope, etc.) of the line which
satisfies a given set of tonditions and sketch the graph.

And given an equation of a line;°determine thetfollowing
1 x and y intercepts-
2 slope
3 dire-ction numbers
4) 3 points on tile line and the 'graph-of the line

17.4 Determine the cosine and tangent of the angle(s) formed by the
'intersection:of tiko lines.

17.3 .Perform operatiohs on plane vectors and ana1yze4fhe

17_2 Determine the direction cosines /of a directed line segment,:and-
determine coordinates of a,point that divides that segment into .
a given ratio:

17.1 Plat points in a rectangulat.coordinate sytem,
. -

Prerequisite'

Competency in Units 6 through 11 and Unit 14 (in particdlar objective

14.4 -- SOlve a system of three Tin'ear equations using Cramer'-s Rble);
4

er.the equivalent of College Algebra and,Trigonometry. Chapter one of

Morrill, W. K;,,,Analytic,Geometry,' is a goad 5ource for review material

for trigonometry and linear algebra.

Lectures 1 and 2-
.44 -

Unit Activities

The' lect6reSwer this unit will have the following outlines:
,

The line segment and vectors
,

' A. DeterMining for the line segmwil
1. scalar components . .

.

2.4 distance between-1k pointO1en4th of.segment)
3. direction cosines -

*1
' 4. coordinatet of point that divides a segment.into a given.ratio
Vectort -- operationt and analysis

,

, , ,

, , V1. ("addition .

2. scalar multiplication
3. 'dot prodUct

,

a. parallel and perpendicular vectors
b. cbsine of anglo betweOn 2 vectors

- 4., barsproduct and area of triangle



The 1,i. .

A,- Determining covine and tangent of angle(s) formed by I .
0

intersection of 2 lines

.
B. Determining slope, intercepts'and the graph from a linear equation

, \C. Writi,zig equation of a line
r

Lecture 1 covers objectives 17.2 and 17.3

Lecture 2 coversobjecttves 17.4,and 17.5

'A

Rrocedural OptiOns

This unit'ts important not only because it is a prerequisite

\

for the latet units, but also because of the work habits yob develop

for this unit. If you develop good work habits in this unit, you will

probably continue wi6 those habits throughout the course.

_

Yhere are soieral options available to you in order to meet

;4.

the objectives of this unit. Some of these are listed below.

%dim V.

Select a device.or.devices from the following chart which you

think mjght help you acquire the skills and concepts for each objective

beginning With 17.1 below. After you have completed an activity package

for..each objective, take the self-evaluatiOn. If you.score 100% and

.you are confident that yOu have mastered the objective proceed to.the

'next objective and cohtinue until okjective 17.5 is Completed. You
1"

are now\ready for the assetsment task which measures all objectives 17.1

through 17.5.

Option 2.

$' 00g, .
Study the fir# dbjective cainefully. If you feel,confident

,

'take the self=evaluation for!that objectivd. ..lf you scored-106%/golon

to thd next numbered objective and repeat this sequOnce until you are no

17-3
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17 -4

aa,

lager familiar with the material or entil you score'less than 100%

on the self-evaluation. Yegin.with the act'iviiy package-in thib objective

in which-you failed to meet the objective.

0 )
Nea .04,

The average time for Unit 17 is about 3 weeks.

s.

-,a

ea,
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Objective 17.1
7

PJót ointS in a rectangular coordinate system.

Activitiees 17.1

,l. Your Tec

;Morrill, W. K., Analytic Geometrif pp. T9-21)e
Exercises; pp.'11-12, roblems, 7; 12, 13; and15.

Your Text and-the Study Guide :(Loeated at the end of thenunit acti4ities.)

4

Nost students should be able to 4,
take the selfrevalUation ImOled1atelje;'1

- if notactivityl should be:sUfficient,

v

17-5'

. 3. Other Reading Sources

1.: Schaum's Outline Series: Theory and Problems of Pla4 and'501id
Analytic Geometry, page 1.'

,2. Eulenburg and Sunko: Ineroductory Algebra. 74.;.,A College Approach,
pages 173'7 178.

L

4. Individuq Assi.stance

Your instructors are i'vailable daily for individual help.

InfOrma'T Group Session
,

,,The projectiroom is a good 'pdace to study with other stud.ents in
.

thi$ program., ,Get acquainted With your fellow students.

,

Self-Evabation 17.T

&

Al

. T. 'Draw-and label the coordinate axes (right handed frame) 'and fixate
the following:

, (a) .(0,. -0 (0, 0) (0, i) (4. ) 3). (-3,

(0. abscissa is, -3, ordinateils. 4

'.(c). the set of points in quadrant In haVing Ordinate -4.

to

4 -
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Answ0s:
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0.-
ectiye 1 7.2

d

,

a. Deferral ne the .di rection cosines of 'a di rected .1 i ne `segme t./
b. Detenninescoordinates of a point 'that divids- a segment

given"' ratio. /
Actiiities 17.2 (2..and 7 are suggested). I

1. Your Text (Part, (a) of obSective) .K. 1. 0

Morrill, W. K., Analytic Geometa, pp. 23-33 I \ )0
Exercises: pp. 25-26,. problems _1-, 3(a b, c, d, , I.

p. 27, problems:1-4(a,, c;
-PP. 29-30, prôbleme 1(a, c4e, f). 2(a), 3,..4, 6(a, b, C), 10

PP. 32-33, problerhs 1, 3-6 (a, 6, e)
Iryou follow th order of.the text, d 'only part (a),of objective 17.2
Then plotted tO OtYjective 17.3.. After finishing Objeetive, 17.3, do
part' (b.) of Objective 1 7.2:

YOIAY' Text and the Study.Guide. (if you .use the Study ,ide you covqr
Objective 1 7.,2 (a) and (b).,

Sol ve'd Problems t,

Schaum's Outline Series: TheorCy apd Problems of Plane and Solid
°Analytic Geometry, pp. 43 .and 4, problems 1 *-- 5 (distance between two
pofnts)..

4," Other Reading Sources:
,

Protter and Morrey:- Analytic Geometry, pp. 72-73 (A

; 5. 'Indiv ual Assistance

64, Informal GroupirSessions
'r

7...Lecture 1:$

Selif-kvaluation 17.2 a

lytic Proofs),

1 . Find the projectiiin of each of the following segMents on
axis, respeatively.

,

a. Prom Pi (5, 1) to P2...7 (4,, -3) '

b. Frpm P1 (0; -2) to P2 s (0, -10)
,

Find/the,scalar components from h = (-4, 3) to F2 (5, -2)
Given the vertfcesof ,a triangle,.A (6, -2), B = (14 42) /Ind
C t (-2, 2), determine whether it is or is,not

)

x and Se."

.



4

14

,4 40.7-8
!

4.

.

1) right
b) isosceles ,.,

c) equi 1 ateral .,...,,
,,.., . .

4. Ffnd the' direction coi nes for PIPhere:,

a. P1 i: (23 3) and P2 = (4 , 1)
b. Pi = (4., -6) and P ... (-1, :-3)

,,

4.

Self-Evalua,tion 17.2 ,cb,)

)'

1.: Find the point that divides the Segnient.P1P2 in a ratio of 2 I where
131. = (Ek, 1) and P.2 (-2,. ,

a

v

40'

ro,

.
,

12

4.



.4

"Answer:

t. '0)) Kff =.0
44

t.

5 -3 -1 = a:2

=, 01 = tc-z) =

27\ Di, -53 , 1

,

. J.. AB *,,=.5, AC. ,-. 4 \PC BC -- 5 Ososeel es =, ,

,

^

.

1/4

2.

. .

How Ao you know it is_not.;a right triangle?
,

4. (a)

Answer:. (b)

(1/3> 7/3)

A.

-2 (b). _5
m = t =

NrEt-

.1

e

icof
ft5A,

. ,

11 9

e.s

It"
,

ittk

13
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ObOctiVe 17.3"

a 0.

P(Aorm operatidns .on9p1ane vectqs and analyze results.'

,

;

Activitie _17.3 (2 is.sUggested)

1. 'Your Text

4
MorrIll, 4,1:._.K.f Analytic-Geometry, pp. 33-42,48-50 -

..

1 Exerctses: p. 36, problems 1,.2(a, c,,& 6), 9; 11(a, c, e, & g)\\
pp. 41-42, problems 1(a & c), 2 - 5, 10, 11 15(a)

1 . , pp. 50-51, problems 1, 2, 3(a),*6 - 9, 11(a)

Pari/(b) oi Objective 17-.2 ,

Morrill, W. K., AnatyticGeometry, pp. 4-46
Exercises: pp.' 46-47, problemS 1 - 5,. 9(a), 11, 11(a), 15 ,

2.r Your Text and 'the Study Guide
,

3. Other Reading Sources:.

Protter-Morrey, Analytic Geometry, pp. 80-93.

School Mathematics Study Group (SMSG), AnalytiC Geometny, (Unli No.
ReviSed Editton4 pp. 91-133. Algb notice Prodfs by Analyilc'

Methods beginnipg on imge

Fuller, Gordon, Analytic Geometry, pp. 183-188

4. Individual Assistance.

In a very short amount of'time, your instructor can often help
clarify points that are giving you'difficulty. Do not overlook

. thisivery,important device

Informa14 M'oup Sessions'

, 6. Lecture

Self-Evaluation

Given -the fo'110/ilhg points,yx,y7 (4, 4),,

Determine:
seemftwer. Wr. rrilrr.

pi P2 PkR3 nd, find cos Cc Where Le

10

kP1P3 where k =

aiia.1772'and. rir; perpendiculaY

fSnd a Vector compliMeptary to 07117.

find the area pf the trlang1e P/P2Pa

4etP2

n

(s, 3)

"9

4

1.,

N.
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4

011.

On page 52-53 Y.ou' will finsd.a set of' prktems that will, beca very gôpd
review for .the firt.three ob estives. of.this'unit.

4
s

Answer,s:

(a) 1.1 = 1132

=*P1P3 = [1, -11
u v
IuiIvI

CO 0 = (-3") 4.
V5----479 V1l

COS 6

cos e = -3 4- 3

V-31-

4

= 0

(b) k [1, = 3 [1, = [3,

(c) yes

(d) 137 =.' [4, 2] so vector compl imentary to

(e)

P2P3

a

would be [-2, 4]

14, '4) 16 - 121 .
2 = 3 square units

C\

Y .. .
I

' ) ,
.

.
'...e.4.......,............1..............--........i..i.k....;1..,..:...i.......,:..._.....3--.......' i...... Li.
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Objetiy,e l 1.,4

Dettermine the cos\ine and tangent of the Sngle(s) formed .

by the'intersection of two lines.

.1

Activities 174 (2 and.7 'are recommended

1. Void- Text:

Morrill, W.
Exerdises:

K., Analytic GeoTetry, pp. 55-58 and pp..70-72
p. 58, problems 1 - 4, 6(a, dr f, & h)
p. 7, problem 10

2. Your Text and the Study Guide.

3. Solved Probleftis:

Schaum's Outline Series:
An'alytic GeoMetry,,pp. 6

4. Other reading Sources:

Theory)nd Problems of Plano and Solid
8

Fuller, Gordon, Analytic Geometry, pp. 9 - 14

Protter-Morrey, Analytic GeOmetry, pp. 43 - 48

Murdoch,-David C. AWYtic,Geomptry, PP. 41, - 44
;

Individual Assistance

InfOrmal Group Sessions.
.

Lecture 2

Sel f-Eval uati on 17 4

1. Given the.points PI :4, (2, 1), p2 (-2, -2) and P3 = (4, 1), detarmine.:

(a) a pair of dirfftion nuMbers for the line contafning the vector P1P3.

the-slope-Di the line contain-6g the vector P2P3.

12

tb)

(c) the cOsine 9f "the'acute,angle 0 between,the lines contatning the

vectors P2P1 grid 15-7.

(9 the iangent of the acute angleA between the lines contOning the

vectors P1P2and'ar1P,

.,(e) 4re the ,lines containing the vectors P1P3 tin# PIP2.perpendicular

,,

1

\-\

.(/
, , I

.,

`g



Answers:

4.

g

, ' .

tm 04: (2,A or k L?, -KV for any k(E R

(b) s = 1/6 .

(c). cos 0,= u1v1 u2v2

.1;1

1 + s1s2

tan 0 = 3/4j - 1/6
1+0/633/4)

s1s2 7 0

where u.= [19 A . ,

'

27

1]
cos

,..
.

5\67' N

i

,

where sl = slope of line containing the vector PiP3

s2 = siope of line containing ttie vector

0
sl = 1/6 s2 ' 3/4

. 14/27

I

40,

, .

II

A

i

3

,e

I

1 3.
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01) ective'17:5

(a) Write an equation p au of the requested standard forms /Cs:lope-
-intercept, point-s 'oPe, etc.) of the line whiCh satisfies a
'given set of cond tions and sketch the graph.

(b), And given' ati equa ion of a line determi.ne die following:
a) x and y inte eptS, b) slope, c) dirpction numbbrs,
d) 3 points tha lie on the"line and the graph of the line.

Activities 17.5 ..(2 and are suggested)

1: Your Text

Morrill, W. K., Ana ,ytic Geometry, pp. 59-70, 3-94
Exercises: pp. .6-1-62, pi'oblems 1, 2, 3,ca, c, 3, of each), 5, 6, 9(a, c e,

9,. and h)
pP. 64 65, prob1ems12, 3(a, c, &e) 5, 6
pp. 68 69, problems 1, 2, 3(a and bk,of eac11), 4, 6, 13,14..
pp. 72 73.,..Pro(blems 3 & 6(a, c, & e'bf each)
pp. 78 79, problems 1, 2, 10(a, b,c, d, & 11(a, c, &e) 20
ppl) 81 82, problemS'1, 2, 3, 4(a & e of each)

as.* *pp. 85 85, problems1:-, 3(a & c), 4(a & c), 9, 11, 15
p. 90 problems 1-1, 4

42. Your T.ext.and the Study 1Guidd

3. Sol ved Ptobl ems

Schaum's Outline Sries: Theoiv & Problems of Plane and Solid
Analytic Geometry, pp. 16 and 18, problems 9, 10, 12 .and 13,
and pp. 22-30.

,

4. e0ther :Reading Sources

Murdoch, David C.,1Analytic Geometry, pp. 44-46 and pp.. 50-54.

Protter-Morrey; Analytic Geometry, pp. 49-561. pp.- 62r64,' and pp.68-71

Fuller,-Gdrddn, AnalYtfc Geometry, pp. 28-38

5. Individual Assistance

6. Informal GroUp. Acifyity

7. Lecture ,2

'

40

'13.s

a ,

1

.......2"1

,4110.

:
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Assesipment
.

. .

The pspesseent task for thi's untt wi I be in ,two pirts. In.Tart

one you .w,il l be given an equation or equaticins of a, line or line) and.

asked , detrm.inescd.ain n!forma ti On about the l ine(1). You will.-
.

.

also be requ4red to' /sketch, the/ 'graph of the l,ine ar lines. tn part
,

two you., wip: 'be givep a set of tonditionS'and asked to ffild the,, line(s)

that meet thci,se conditions.

The two problems bejow are examoles of the' type of problems you

can expect. You cannot, use your book or any notes on the assesAment

tasks. Werewill be.,twenty items on the assessment task. Yo/ u must

abswer sixteen of them correctly.
,

Given: Z1 = 3x +.2y = -4 and £2 4 X 3y 2 =

Deterriline' si and s2 tb) the tangent ot theangfe from £ t9 .t."

(c) the x and y intercepts (d) the norMal form of £2 and the

.

graph.gf ti.

4,
,

Given: PI =,k-2, 0), 1) = (-1, 3). and . (2.-3). .

.r. /4

ei' . ,........00.

'(.a) Write: tilt equatioh of ',..he line that contains P1P2. .

(I)) ' Wri te the egmAAJkima_e_ the tints tfia_t_are_paralleT 14_

. t

units from the. line ontnLn
4?"'

'(c) ...,.,1104 :the eipiati66 of the 1 ine wough, the ppibt P2 and

. perpehditular to P03.
. .

1

1'





a

14." .

t

( c

F [4 -3] -.

Hence ax + by --,,ax1 +.1V1
,

,
++1)(0)'+.c

v

+' 3(3.16) + 6 = 15.48

- 3(3.16) + 6 = -3.48'

Hence the equations miff:,

- y 15.48 = 0

3x - r- 3.48

Ax - 36.= 4 (-1) - 3 (3)

4x 3y -4 9

4x - 3y + 13 =

.1

1717

4,

"

17
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,

Rationale n * ,

. , ,
. ,

.. .

.- By the, end': of 'thiieunjt .yo6 wil 1 II,- cohcerned. with beirlig..,able

to do tvio thing4s?'.(1).:..tbriStri.itting the graph andfillt ivretirig 4.Ewhen
c

you ire giveti the.e9uatioh'of a line, and (2) when giveri some condition's.

or ,datsi. determining the equatiOn of4the line .61at sa iSfies those
S.

. condi tibns, -

An old:Chinese probierb says "A' pictue is worth a thousand words."

So the: picture or gtaph of ap'equatIon 'is very' valoableif ,lioa are able
. e ,

Ito use that Octure td interpret:information depicted by;it. One of the

.pieces of infordlatibh you Should be able to .determine,frOm the g aph of

a line is the slope of the 4ineL another ,would.be the x and y in ercepts

,crf the tine.

Since the line is a mathematical model for?man$ 'physical pbenomerla

it it advantageous.to be 4le to describe, ih.tertiis of an eguati(pn-, that
t

phenomena. For instance, in e1ectronics, any electriFal deirice whose

I vs E Carve exhiblts the property th.at the_ratio. of the current through

the device to the Voltage.across

is a linear resistance. In phy

-it is ,a constant (the gralh-is f line)

cs, Hooke's Law_ states, "The elastic

deformationd(of a:spring) is irectly, propbrtiohal to the force if

the .elastic Jimit is not exceeded." flehce,the graph of load vs

e onga on s I near.:

This unit is broken into- 5' subuhitS-;-7,6he of eaCh dealing "with
,

points, 1 ine 'Segments, ,and -vectors and 2 deal ing wi th' lines.

4
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Unit 1-7Th

'Line in a Plane

17.5

"

:14,40-ko

)

Write an equation in any ofithe reque'sted standard

-Aorms (slope-intercept, point-slope, etc) of the line

which satisfies a given set'of cilditions and sketch

grad.
(ak

And given an equation of aline determine the followtng:
\,

a) x and y intercepts, b) ' slope, c) direction aumbers,

d) 3 pbfilts on ,the line 'ind graph the line.

0
4. '

-17. ,Betermine, the cosine hnd tangent of the angle(s) formed .by the

intersettion of tilo lines.

.4.

) 17.3 Perform operations on plane vectors and analyze the results.
.;

17,2 Determine the dixettion cosines of a directed line segment

And' determine coordinates of vpoint that divides a isegment into

a given ratio. .

iN

17.1. Plet pointi in a7.--rtext8-ngu1arcoo-rdtnatess-tem.

1.

A

4 "..

v

23
N..00

, ,

19
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SiAtinit 17.1

OBJECTI

r

,

,

Plot points.in a rectanqular,Coo
,

Instructional* Activities - Subunit 17.1

.Task 1: Point Plotting

IP

Readpages 19-21
04

Pay careful satention td.tlie vocabulary of the sectiOn and then.try

the exercises on pages 21, 22. Some problems you should work are Pi

1, 2, 3, 5, 6, 10, 11, 12, 14,-and 26. Also work any others that ate

ncite sy06471.,

0" particular interest to you.
4

4t
Self-evaluation - Objective17.1.

1. Draw and-label the coordinate ages (right.handed frame) and locid

$4)

the following points:
St 7

. (a) (0, -6) (0, 0) (0, 1) (4, 1) . (- 3) (L3 )

(b) abscissais -3, ordinate is .4

(c) the set of points in 4Uadrant In whose Ordinate s -4

a
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',Aqwers:- Self-evaluation. 17 1,

Subunit-17.2

OWECTIVE; De'termine the dir'ection cosines of a directed line segment

and determine coordinates ora point'that divides that

ztegment into a given ratiq.

Task. 2.: N'ojections

Read pages 23-25 (projections) and on pages 26 And 26 work problems

and 3(a, b c, d and f).

) ,o
-1 J

jn reading the material you might "find the-following additional, information

7helpfql.
, ,

N
;.''''''''.*,.

,

Atthe top* of'page .24,:in-your text, yoU'will find, figure 2-8. The °LI
.. .6 1-

'figure has,been reproduced:On,the next page.at'the-left with tWo lines
. 4 v,

(dotte0
,

and one'point B,ins'erte., lp thé:figUre "2-8 On thejollowing
,

page and to the Teft,(th6 angle a is obtuse. rn figure 2-8' on thesame
.

page, and' to the riOht,,the arigle e is acute.
,

11.

.)



9
,

II

LC-
In figure 2-8, cos m = where X = AB and where r = 1PIP Ito, Notice

that 'since Alf is measured to:the left that A-Vw 11 be 7t

(positive, negative, Zero) Since Air is negative nd o is obtuse, the

, -

fUnctional value of cos, 0.011 al,so be negatiVe.. Theyefore'cos o = A.

-x

n

and AB.= IP1P21 cos o. in figure 2-8', cosA or cos

Air .

. Since Ait is measured to the 4v (right, 1St), Kris

positive and since o is acute', cos\o will have.a

'(posit(ve, negative, zero) value. Hence AB = 11)021 cos 0.

22
4

a

4



6

ExaMple 2-1,

7,23

What are the projections Of the'segment P1P2 on'the axis, where P1 = (0,

and.P2

Solution:, AT3 = x2 - Xi = (5-0) = 5
-,

CD = Y2 Y1 (34)

Since.AB = +5, we know the direction-from A'to B is'to the -4

and since.705-='-3, the direction from C toll is

'

AnsWers: -3, right,downward, respectively

t

Self-eValuation - Task 2: Projections

1. AR = -5 implie that the distance from A to B. (where AT1s the

projection of P1P2 on the x-axis) is Otthe

2. If the projection of the segment from PI to P2 On the x-axis, AB is

4..

positive then the projection of the segment P1P2, BA, on the x-axis

is

Find the projection of each of the.following segments on,the x and

y axis respectively.

(a) from, P1 = (45, 1 ) toP2 = (4, -3)

(b) firom P1 = (0, -2) to P2 '= (0, -10)

2,t3

v.

p.

.11

23

4.

p.

6



' 0

s

,

Answers: Task 2: Pr;jections::

1. leh 2. 'negative 3. ( ) AI: = 4 7

(b) ='0 0 0 "Cff = -10 - (:.2) =y-8

'

Task 3: Scalar Components

l'=

Read Tages 26-27 and on page 27vwork problems 1, 2, 3, and 4 do at.c

and" e. of eacfL probl.em). '

Self-evaluation. Task Scalar Components

Given the following scalar components for the' segM6nts

are the scalar componehtents for thesegment P2P1 ?

(a) P1P2 = [3, 541

(b) P1P2 [-1, 2] .

(c). PO); = -5]

(a) P2P1 =

(b) P2P1 =

A(c) P2P =

2, Find the scalar components from P1

P1P2 what

3. If-the. initial point of a segment iS (-4, 6) and the scala.i

24

components are [0, -11], what is the terminal point of the segment?

29

4

S.

c.

a
S.



AnsWers': -1,. (a) (-3,.4] (0.[?

S.

Task 4: DiStance Between Two 'Points
Fs.

E9, -57"

Re0 page's 27-29 and on pages 29-30 work problems 1(a", c e, &

6,and 10.

In'Teading the'moterial, pay special attenti n to. e)Zample ?-5 in the

text and the example provided in this material, -Both are analytic

. proofs of theorems that you ,proved previously in Plane Geometry. In

many.cases, an 'anal tic proof is much shorter and eaSier than the same
-

,proof .done geom ricaLly &n non-coordinatized 'system: .

.

r.

7

A

Problems- 6, 9, 10, 11, 12,' and 13 are mare examples of geometric- theorems

that you have seen previopsly provedty anher method.

Example 2-5 is an analytiC proof d the theorem: The diagonals of

.any rectangS'are equal in length.

Below 'is a proof of that theorem using congurencies, similar to one you

wold find in 'any plane geometry book.,

Prove: . The 'diagonals of any rect'angle are equal in length.

Analysi,s: .Need to prove ABOA a ACAO
4

.

3o,
25



tt.

r7 3. 26

STATEMENTS

1: rectang1F OACB

2. 10BI = jACI and.10A1 = IBC1

Oft II Ac and,0411 BC

z.CAO ' 3. All eirt angles are equal lih

t

) REASON

1. §:Nen
4.

2: opposite sides of a rectangJe are
equal and parallel

rectangles all angles are if.ight angles)
-

r
10AI = 10A1 4. 'same'side ,

BOA 2.." 'ACAO 5 SAS

106. idcl = IABI 6. correspOnding'parts cif congruent '
. ,

(

triangles

Hence the diagonals of any rectangle are equal,in length.

Example: Prove:the opposite sides of any parallelogram are equal.

,C (b,c) D(a+is,c,)

2 6,

,

Place the origin at A and the x-axis

along AB. 'A = (0, 6), B = (as,0),

c = (b, c), and then D = (a 4. b,

Prove IACI = 1BDI and ICDI = IABI

AC = dj = 1 (b - 0)2 (c, - 0)

BD:= d2

(040). 041.0) Since LAC .and 161 both equal jb2 c2

then ,1ACi IBDI:

4fr-

0

Using the same techniqubs on PI and IABI

then

Icol = d

I ABI dip =NJ

VOID

Since the length of both segments 1 a thencieD1 =

-



ilp, Self-evaluation - 1..ask 4: Distance Be Wer TWO, Points

001

9

Ple

1. Fi-nd the, distance from P1'. (2 1) to P2 = 74 3).

2. What' kind 'of triangle hai verti es of A ,= (6: 2) B (1`, -2) and

C = .(-2, 2)? (a) isosceles (b ) right (c) equilateral. _

PrOve'anatyticalli: The dfagonal\s of-a Square are equal.

-

C'

4

LI.

1/4

I.



J27 2

Answers: 1. wr5/ :2. AB 5, AC = tO", BC = 5, isosceles. How do

you know it is not.a right triangle (pyth,. Yhm;)
.

"04

Place the origin at A with AB on the

x-aXis, atli AC on thelphaxis. Theh Am

Task 5: Direction Cosines

Prove: IAD1 = ICBI
03'

IAD1 = d1 =Al(a -0)2 + -0)2

dCBI = d2 + (a-0)2 =.111;a2

Since IAD1, and Inr 4 ? then IAD1 = 1 B

Read pages 31-32 and on pages 32 and.33, work problems 1, 3, 4, 5, 6, and 8(a,

and e). If necessary review pages 14-17 on Trigonometry. - Alsoremember

thata positive angle ( a) is measured countat-clockwise while a negativ'e angle

(-01. ) is measured in a clockwise dirgctioil.
,

You might find the following sketch and discussion helpful in understanding

the discussion on direction cosines"of-P2P1,-in the Middle of page 31 in your

text.'
6

Wm to int to at int tto do two

P1W(X0i.)

5

If t cos a ,ald m.at cos 0 for P1P2,

the direction cosines for P2P1 would be

.Cos (180 - - cos' a ge

X cos (180 -0) t - costs as

Hence the direction cosines of P P1 are



Continuing on to the botipm of pa6o 31 in'your text, where the origin is

the 1nitia1,point of the segment and P is any ;Ont.,

t = x/P since cost-1 X/P and

y/P since.cos A = y/P

p = IOPI =

Answers: t . cos , m = cos (3 , p 01 4), 4777727

. .
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17 30 c-

Self-eialuation - Ob ective 17 Dieection'Cosihes

30

p.

1. Determine.if the following could be direction cosines:

(a) (1/3, 2/3]

(b) [1./3, -3/2]

(c) [0, -1] r
2: Are the direction cosines of a segment OP the same as for the segment

f. On
Find the direction cosines for P1P2 where:

A

(a). P1.= (2, 3) and Ric(4, 1) -

(b) . (4, -6) and P2-- (-1, -3)

./

4

(1.

40



Answers: 1; (4). 'no (b) yes, (c) yes 2. no

lb) £.= -504,

'Objective 17.2 (b)

" P

4

(a )

OBJECTIVE: Determining coordinates of a point P that diviqes a segment

into a given ratio.

In'this-section you will learn how to finçl the coordinates cif a point the

divides a segment into a given ratio.
,

Let P = (x; y) be any pointcon the line segment

(x 1, Y1) and P2 = (12, Y2)

z

C.

P1P2 , Where PI

Let A be the projection of P on the'line

through P1R,and let B be the projection of

Pson the ling through P R forming simtlar

.triangles

s
.

AP1PA. .%;'11p1P2R
0

36

31

(')

14,

I
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-;5

501
= . and

Ax

AX1
Let tr* ratios :10*----4 andS.

, Ax

k PTP3-

1YN. , 01,r'

then k And
IF-72

The scalar componerits, of PTV are

and th'i scalar componentsbf P1.P2 re.

Components)

:So PIP k becomet

Si

see Task Scalar

t t

Si. P

Solving for x and y Yields x - x1 =kAx" y-yi=.1(Ay
X =

-Hence,:

4

xl 4.,k A )y

yi k Ay

.The point.P cari lie anywhere on the llne through the segMent.
,

P1P2 and its location will depend on the value of k.

.!

(a) If 0 < k /then P liei between and .

(b) If,k > I then P2 lies\between and

(c) If k < 0 then PI lies between' and

Answer:

4.1

I

f



'

Midpoint of. a segmeint

An important appli tion otcurs When P is the midpoint of the segment,

P1P2 oy'k k = iivsince PIP ,is .11 ovP02.
4

. When k = 1/2, P1P = *(1)11)2 becomes PIP °= 1/21)02

xl, y-- Yll =

solving for x and y,

= )10 4 X

Hence:

r.

.If 01 then

sinceX. = X.2 - X1

and

AY = Y2 Y1'

X2 X1

2

. .

P,1P P P2 becothe P1P = 0 which implies that P =

If k en

PIP ICP1P2

Y =

st,e0

L-1

(P coincides with Pi

ecomes P1P2= P.P which implies that P = coincides with P2)

Sometimes you a e given'the ratio r in which P divides the segment 00

I

. (Remember k is the rati f 010 to P1P2). For example if P is the midpoint
,

ofthe segment .P1P2, ihen divides the segment P1P2 in a 1:1 ratio r.

(r is the ratio of PIP to PP2

a.

°



Er

For exampl e :

If the ratio is 1:1, then k

(b) If the, ratio is2:3, then k

0

Any time you' are given a. ratio r it

Cdn be converted t:p the ratio k by

observing the irst elehient of-thq

(7tio r114s the numerator of th!ratip

k'land ttip.sumof the element's of the

ratiO 'r. is the Jzfenminator -of ratio k.

,

I.

PIP = ..-..

P,P2:

P P2

(c) If the ratio is 2:1, then k P1P

pp 2.

P1P2

...1.11.

(

0
I

Answers: (a) k t= 1/2 (b) k = 2/5, P113 = '2, PP2 =. a, P1P2

k = 2/3, Ply = 2, PP? 1, P1P2 = 3. -

Examples:

1. Find the midpoint of-the segment P1P2 where P1

34

Solution:

4.
X2

,
4' xI ,

X Ist

2

Y it-1/4 39

4
t.

A.

),and P2 = (-29. -6)4



I.

e'
te

Find the coprdinates of the point P which cliVides tiie segment from P
A

-4,) to. P2 = (;, 6)' in the. ratio of 21,

SOlution: 'Since PIP = 2,, and PP2 1, (ratio 2: )

e"-

Answers:

.?
t PI P2 1: 3, .1nso, A

X = X. + k'A X

,X

Y

A ,y

V 0
.............ANAHNA.I..=.1A0A.......,,

Y.= 8/3

k, =' 2/3i = (5 - 1) = 4, y = 6 + 4) = 10

x 1 4. <2/3 y = -4 + 2/3''v(:10)

1i

F1nd:2 points on the line contalning P1 (go -1) and P2. =1(-3,, 4)
Itt

4. I
each of which is four times:as far from P2 as it is fr9111. Pl '''

4

Solution:

,

.r
One posipon ofP 'ts,between,P1 and P?

h.

_ where k =1/5 (ratio 1:4). The other

. posiOon is Vbet4e P1 is t?etween P arid P2

or where%k -4:4/1" = .:; 4 ....... --, - .

For the first position; internal .(k = 1/5) P1?"= k.PiPi

, ,

.., .

z.

7

X = x +kAx,,,

13,

Hence: p = (1, "0)

;1\

.4t



4 4

4:4

,;#

r the second'position external (k'= -1/3)
-

(x' =

P' = (11/3, -8/3)

; y

4

Prqve that tNe diagonals'of any parallelogram bisect eacp other.

Consider the parallelogram in the figure.

TX6.416,0,,The midpoint of diagonal AD is- .

The Midpoint of diagonal,C8 is

lince the two midpoints are both
0,0 13(0,0) , . .

, 9 the diagonals bisect 4

each other.
0

w

II
.4

Do.the following exercises on pages 46-47:

Problems 1, 3, 5, 7, 11, 12, 13(h & b), and 14,

Self-evaluatfon ObjVctivd 17.2 lb)
-

I.

1. Find,the midpoint of a segment P1P2 where P1 = (2, -7) and P2 = (-4, -9)%

2. Find the point P that divides the segment P1P2 in a ratio,of 2:1

Where P1 =(5, 1) and P.2 *I (-2, 3).

3. Prove:. 'The,midpoint of the hypotenuse of,a,righttri4ngle is

equidistant frparthe 3 vertices.

11

36

. 4'1

."

N

b.

.1'



4.

v

4.

41.

A

a.

Answers: 1., midpoint

3: EN(O,io

.b.(c.kib)

1737

.(-1, -8) 2. (1/3, 7/3)

Plae the Oightangle*C at the origin.

JOY

.Prove: IADI IBDj IDCI

IAD) d2 = sj2a "- 024- t-b)2

IBDI = d2 = (-a)2 + (2b - b)2 =

ICDh= d3 V;377
IADI IBDH 1CDI

Let A to (2at; 0) Mid 11--= (0, 2b). Then the

midpoint D of the hypotenuse is (a, b).

0,

4:41

a

.11



17-38

( Summary - Subunit 17...2'

This subunit is about line segments. How do You name a41ne

.segment; What is its length; what ore its scalar components ahd directibm

cosines?

A segment is named'in°term of its end points. A directed'segment

has a direction dependent on which end point is
.)

the initial point,of

the segment. The scalar components of the directed segment are defined

to be the projections of the directed segment on, the coordinate axes. And

last, the direction cosines of a segment are.defined in terms of the scalar

components and the length of the segment.

The last part of the subunit is on finding the coordibnates of a point

that divides a given segment into a given ratio,,and a formula for the

midpoint is developed.

4.>

yty
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Subuntt 17.3 7- VectOrs

S.
.

OBJECTIVE:Perform operations on plane vectois and analyse results.

Rationa

At this.point we will discuss some of the opehtions:performed

on vectors and how those operations are 'applied to variou's geometric

concepts.

Instructional Activities - Subunit 17.3

Read.pages(33-36. Since the objecti.ve of this section deals wiih

performing optrations on plane vecto9, yOu might find it helpful

to list those'operations defined in the readtrIg

Operations:

dl

the operation at the bottom of page 34 defingd-is k [ul. u2] (ku1t.ku2]

is called scalar multiplicationn The term scafitr means that k is a

number not a vector. -So, scalar multiplication fOr vectors implies tilt

you are multiplying a vector by a scalar. Notice that%the product

produced is a vector.

Now try.the.exerciSes on.the next page.

, ,

S.

39



Exercises:

Given:
0

u 7 -1], v 7 (-4 2), kl

7the foqowing Amestions.

lb

7 4, and-k3 n answer

I.
1. Circle all of the geometric rppresentations of the vector u in the

drwing below:

2. Find: .,

(a). u + v,

(b) u - v
.

.(C) klu, k2u, and kv., .and discus the effect of scalar multiplication

on the product vector. .(When does tt stretch or shrink a vector? .

Does the direction of the vector everichange?).

-c

4

3, Represint u in terms of a unit vector.

..4044,44

.

h



1/0

4

Answers:

fx.

"41

(a u m-tui +149 ui V2)

= [3 + (-4); -1 + 2]

(b) (-v ) = 4. (-v1), u2 (-v2))

[3 + 4, -1 - 2] .

= C7, -31

(c) klu = 2(3,.-11 = CO,*-21

4(26 - -4E3, -1J =- [-112, 4]'..

. k3v w V-4, 23 / C-2, 1 ]

-Observ4 that multiplying by a scalar does several things

.1, It either stretches or shrinks the vector

1

Iki > 1, )it stretches the vector

if Oci. 1, it shrinks the yector

C4, -2)

41 4it

0



17-42
4

u = lu

It eithpr preser4es'the directión of the vector or it reverses

the direction of the vector.

6 if k > 0 it-preserves.the direction of the yector

if k < 0 it reyerses the dieection of the vector

[

U2
at

IUI lul

1 2

[

ul u2

Anti 3
-1 I

Iul N./F:1 Nfro

Notice that 3 -1 is a unit vpctor and it also directiona
Vro-

cosines for the veátor u, I = 3 m -1

eoe

_go

g-

4y



.1

\
On page 35, in your tek, work problems 1, 2(a,

5(a, c, e), 9, and 11(a, to e, g),.

e 3(a), 4(a, c, e),

Read pages 37-41, in your text. In/r4ading'the ;first 'paragraph on

page 37, do you know why the coorindates of PI ,and P2 are the direction

cosines of u and v?

Answer: Recall that any point P (x, on'the uf4t circle ircle whose

radius is one Unit) has the property that,r2 \= x,2 + y2. SW6 r2 = 1,. then

x2 + y2 1, but this al-so is a- property of the direction,cosines of a

vectOr.

On page.41-42, in yoar text,p work problems 1(a,

,

Read pages 48-50 in,yOur text..

w ,

A

10,11, and 15'(a

At the top of page 48 .(2nd paragAph) y6u find the statement: let. .e.1 and

.m1 be the direction cosi'ne u' [x1 , yl]. Then ti =cos ;,*-4 and m1 = sin 4a4

Remember ,that = cos where 41 = (90o Cs4 ) and cos (90° - >sincan) =

AREA OF A TRIANGLE

bh

page 49

= ½ (11*(12 sin e
. 6

(1n pages 507,51, work problems

sin 43 'h/d1 'h = d1 s n 0

\8, 9' site 8(# 11(a).

4 3 ,



Sol f-:ev4,1 ua ti on, - 'Objecti ve 17.3

Given the following,points: 4)

1

Vt.

Determine:

(a) 772, 1)73 and find cos e where 4 0 = 4 P2P1P3'

(b) kP1P3 where k = 3

(c) are P1P2 and P1P3 perpendicular

(d ) Arld a vecior ,Complimentary to,PtP3'

(e) find the area of.the triangle P1P2P3

4

On pages 52-53 you wiyilind a,set of.problems that will be' a very god('

review for the first three objectives for this unit.

IS

\ 1



Answers - Self-evaluation Objective 17.3

(a) = PIP2 [-39 -33 4

V P1P3 = -1]

u,.v ,

x' lol lvi

cos e = (-13)S1) 4' ( -3)( -1)

1i9 4' 9 4r-7T

Cos e . "3 + 3 .. 0
=- 0

. :VT( 6
,

A

(b) .1([19'-1] P Al, -1) = [3, -3]

(c) yes

(d) P2P3 = [4, 2] sb vector complimentary to

(e) A ulv u1v2'- ulv2
2

t,

A ... (-11)(-1) (-3)(1),

c

A . 3 + 3
'2

A 3 square units

l;".
0

.4

17 45

would be [. 4].
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'Subunit 17.4

c.

Cs

-

OBJECTIVE; Determine the cosine and tangent of the angles) formed py,the

intdraegtiop of two lineet

Inittrucationh 4tiV1ty 17.4'

Read pages 55-58.
0J

In exam.ple 3-1 on page 55, another pair of direction numbers can bc
.

,fou9d by considering the vector -u = P2P1 81. ,

OP

On page 58, work problems 1, 2, 3, (do a, c, and e in eaCh problem), 5,

6(a4 d, f: and h), 7(a &" a.nd 8(a & c). 6(b) is worked as an ,

eXample,beloW:i

A

Example 6(b):

le

Construct the line that satisfies the following,

'

geometric conditions: the point (3, 4)

and has direction numbers (5 5].

,

)/

Locate the. point (3, 4) and front that

point draw theyector whosescalar

components are (5, O. The line that '

contains that point (3, 4) and the vector

#
)(- [5 6] is the required line. '.

,

rh*

Reed 'pages-7041.
.

Equation (2-7) ls on page 38.

Notice that.the intersection of twolines forms 2 pair of angles. One
.

pair will be acute and the other pair will Nrobtuse (unless the lines

are perpendicular.)

51
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t

Figure 3- 9

41

Figure 3-20

-

c't

In figkire 3-19

x2 is .A1 exte'rior angle whose...

, 'measure is equal .to the 4Wof the 2

opposite interior angles

a + 642

Hence: 0 al

In figure 3-20

= a2 ( d)

'(Ir- Q) =

tan (ir- o).

tan (3 a

4 -tan 0 = 40(

..

-tan 0= tan - tan (72

.1 + tan al tan (x2

tan o
(SI S2)

tan o -=

.1 SI t2
a

I

47



- t a,n 2 s2 1

)

. Answers:
2 9 4. 9

1 + tan Ot - tan a% 1 .1. s2
respectively.

On pages 72-73, work prObleMs 1 and 2 (do a, c,eL & h of each problem) 5 and 10.

;v

Self-"aluati

4. Given the points PI = (2. 1). P2 2 (-2, -2), and P3 = (4,(1) determine:

I.

(a) a pair,of dire numbers for the line containing thdvector P1P3

S.--App
(b) the slope of the line containing the vector P2P3.

(c) the cosine of the acute angle e'bqtween the lines containing the

vectors P2P1 and P2P3.

(d) the tangent
HOP
of the acutd angle e between the lines containing the--

veCtors P1P2 and'1111)3.'

(e is the angle obtained bY turning a counterclockwise direction

from the line whose slope.is sl to the line whose,slopd is s2)
l 1

amommilpI' ---ek
(e) if the lines containing the 4ectors P1P3%nd P1P2Sre perpendicular.

48

a
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Answers: 1. (a) [2, -2] or k [2, -2] for any k E

,(b) s = 1/6

(c) cos e = u1v1 u2v2

,4

is.

(d) tan 0 =

1111 )%11

S2 SI.

1 S1S2

where:u = [4, 3], cos e = 27
v = [6, 1] 5ViT.

61 = slope of line containing. vector F2P3
s2 = slope of line.containing ttor P2P1
s1 ri 1/6 s 2

tan e 3/4 - 1/6 = 14/27
1 +

(e) no: s1s2 # 0

14

4

I.

4 9



Subunit 1740

OBJEVTIVE:'

I

(al Write an equation in.any of the requested standaiq forme (slope-
-

interf,ept, point-slope, etc.) of the ine which satiefies a.gizmn

set of conditions and sketch 'the graph.
'

,

(b) And giv an equation of a line, determine the fopowing: (a) x and
r y intercqpts, (b) slope, (a) direction numbers., (d) 3 points that

lie on the. line and,(e) graph the line.

Instructional Activities

The're are 7 different forms of the equation of a line (a 1st degree equation)

which' ill be-introduced in Ois sectioni It js to your advantage be

able to develop any of the forMS" from any of the other forms. In-soMe

cases the information or conditiOns given,will,dictate the use Of a particular

form; you will need to recognize when 4he form is more.advantageou3 tho

another.'

--Read pages 59-61. '(Parametric Equations

;so

It is important thaIou reallize that it takes both equations;

Ix xl +tAxand y = yi 4-tAy ts-define-one line.

Read pages 62-64. (Direction Num'ber Form)
0

To elimlnate t from the parametric equations, sblve the equations stmultaneouily.
A. .

Ay (X 1.-- Xi :4' t A 'X) X A ,Y =. x1 Ay+'Ciix Ay
-.....--4

A
-6:x 0 = Y1 .4' A y) -yw-yi A X -tAx Ay-

,

Otis form is

very useful

I)



16.

4'
C.' ,

f..

On-pages 64-65 mirk problems 2 and 3 (a, c,-

AP.

Read pages 65-68 (General Equation)

mimMmimm.om

.AY

xl

tix

and 6.

x' 1.
oMmmmm*

Y Yl

Ay

In example 3-12 you,are,asked tO find a pair of.direction'numbers orthe line

0° 4

.,

6

,

whose equation is 2x 3y,+ 4 = O. It is impeative that you know the difference

Setween direction numbers for% a line and the coefficient vector Of the equation.
1

The dirpcpon nuMPers for .a line ane the scalar coiliponents of a vector ON the

line. (In the figure, the vector co-u.)

Comparison:

X AY Y A X = X1 AY -Y1 A X

The coefficient vector u = [a, 1)] is

a vector perpendicular to the rine.

At this point it Would be a good exercise

foryou to compare the directfon .

number form of the equation to the

geiieral form.

Directtom Number Form-

General Form

The coefficient of x (a) in the general form,corresponds to in the

directton number form. The cefficient of y in the general form

corrpsponds to in the direction number form.

51
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L.

, :Ampumnim.mpunim".111111111111!..111.111111.

So the coeffictent of x (a) and the cOeificient of ygb) in eneral form

corresponas to the coefficient of ),( (4) and the cobfficient of Y

the direction number form.

ed,

51nce a= [a, 13] is a vectorperpendicOar to the line ai + by 4 c = 0, u =

[a, b] is perpendicular to every vector contained on the line. One of the

vectors on the.line would be the vector co-u = (see ppge 48).

Since cg-u = [-b, a) is a,vector on the line', then.the scalar components

of co-u must also be a set of directign numbers for pie line ax + by + c =

; 1-1) a] =

= -b

.6y = a
4.

On.pages 68-69, work problems 1, 2, and 3(do a, c, e in each problem

6, lt(a & c), 13, and 16..

.0n pages 72-73, work problems and .6 (do a, c, & e in epch problem).

A

Read ppge 73-75 (point-slope, Intercept, slope-intercept -- don't redd

the section on thd,normal form.) r.

Point-Slope

In section 3-7, mge 73, in the first ppragraph, sioce the slope of a line,

5.= gyitax, let a = 1, then s = Ay. Hence a pair ofidirection nimber

[Axl Ay] - [1, J.

Intercept Form
1

0,k)

hP) 0

In the first paragra0 of section 3-8

on page 73.4since h and 4tare the x and y.

intercepts then 2 points on the line would

be PI. 22 (h,.0) and P2 Is (0, k). and the

slope s iioUld be:

?I



ly = sx k Slopi-interc Forml

Answer; s'. -k/h

A pair of direction numbers (Axp AY) would be
S. k

The direction#numbers are the Scalar components of the vector co-u =

A vector/perpendicular to the line would be

The equation of the line ax by 4. c =.0-where -axf

u Ca, b) = Ek,' 0 becomes
, .

dividing both sides of the equation by'hk

Answers

by1 and
...

or kx.4. hy = kh.

1x7h y/k Intercept.. form

Direction numbeti: th, -k] , vector, perpendicular: ü = [k, b],

equation: 'kx hy = -kh - h(0).

Slope-Intercept Fork

As in the point-slope form, a pair of direction numbers is [1, s] (where

the slope of the line is s). The y-intercept is k ilence, a point on the

line is P =,(0, k).

Then using thed ection number form,xAY-Yx- xlAy- ylAx

the equation becom s or sx y = -k

and solving for y,

On pages 78-79 work problems 1(a, b, c, & d) 12(a,,c), 12, 14% 15. (HINT!

Make use of the tlopes.of the lines) and 18.

Read pages/5-78 (Normal Form) 4.

The figure 3-22 is provided for you on the following page So you can refer

,to the figure while reading the material on page 76. A4so prdvidbd is

further explanation of the derivation of the normal form of the equation

of the line 14 (corresponding to the top of pag6 76).

,41
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.Figure 3-22

5:Ince cos o = where u = OP =.[x,
v Ei& = [cons a , sin a ]

then cqs o =.

and since cos2 a + sin2a = , cols ,=

and Nix2 + y2 cos 0 = x' cos a + y sin a

BUT \ix + y2 (7,

so, x cos a' + y.sin a =

4

44.1arld 'since cos o 1 6 , then Or cos 0 = = p

:HENCE
[ x cos a.+ y sin a = P Normal Forms

Answers: Cx, Ccos a , tfn a

54

47-74. yVcos2a + si n2 a

9

x cos a + y sin a
, IOIcoso



Notice\the two condiqonsAmiddle of page 76) thdt must be met before
"

a linear' equWon is said to be in normal form. (Both.must be met.)

They arer 1.

2.
-4?

Also 6ot1Ce tliat to change the generil forM dk + by + c 0 to normal form

you must change the coefficient vectqr [a, IA to a unit vector (tb meet

condition 1):

a
. Si nc6 - v. 7

a + b2

a.x +AY + c = 0 by

Answer: 142 b2

is'a unit vector, divide the equation

5
Hence: a

x +

+ b2 Va2 + b
, Y

Va2 b2

/r)

To meet condition 2, the constant term was moved to.the right hand

side oT the equation. Also the constant term must be positive. This is's
, ..

.

.4done by introducing a constant term. e 7(±1. ,

..

h.

OR

a
x Y

e Va2 + e 162 + b2
e va2 4,,b2

Notice

e Nal-7.-17 I #

either value of e.

is itill a unit vector for

Go

Ss



. .0 ,

-

I

:The value of e is determined by the sign of the,constant term c.

,

' the constant term c (in the general form) is positive, then e = .

If the constitnt term c is negative, then c = .,

i
,

i 04

I
0 ' I

0

Ansers: %-1, +1, 'respectively. -

Read very 9refu11y the bottom paragraph on page 76 and Ehe top of page 77.

Since ,-.1800 a 5_ 1860, (you should convice yourself of this by observing

- the figures below) notice'what happens as the normal axis is rotated

4 o dthrough the angle 0 l< sa, < 180 . What happens when a >180 ?

4.

mt

,

O



Sin a is positive when 0°<. a < 1800. (If'sin a = 0, then a = 1800 or 0°)

a must be measured counterclockwise when sin a is positive;, Since

sin a inegative when -1800< a <:0°, thelople a, is,measured clockwise

when sin a is negative.

.,Gos ciis.positive when ral 900 ; then the angle,a must be acute when

cos a is positive. Since cos a is negative when 40 < [ .1 <- 1800, the

angle ()Os obtuse when cos a ts negative.,1cos' a = .0 when a = 900 or -900) .

In eXample 3-19 (page 77) notice that both conditions are met in'the

equation:

3 4
x + y = 2

5 5

I

is a unit vector, and the constant term is

positive and is written by itself on one side of .

the equation.

Also notice in example 3-20 that the equation -1/2 N2 y = 5 is

in normal form while.the equation x )ify + 104= 0 is in the general

form.

On pages 78-4, work p blems'3(a,4:, e), l0(0, d, g ), I1(a, c,

4

e) anci, 20.

- 11
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5e1f-evalloOon,
Ok

1. Given tlie 2 points P1 = (-3, 2) and P2 = (3

a

I 58

0) write the eqliation

ethe 'line ,throligh P1P2 in.01 of the 7 forms and draw the graph

of the line.,

Given the equation 3x 5 d; 0 determine

(a) the slope

(b) the. x & y intercepts

Y (c) the'normal intercept (p)

(d) a vector perpendicular to,the Ube

(e) a set of direction numbers for the line

et .

63
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)Answers:

1. -2]. hence Axt.0 6, 4Y =

s 0 AX =g -2/6

-2

(1) direction number form ,

x y y A X = xl .y1 x

x(-2) - y(6) (-3)(-2)-2(6)

-2x - 6y = 6 - 12

2x 6,y ,6 = 0

Notice the Coordinates of Pi and PI satiify the equation, hence 2x 6y -6 = 0

is the required equation.

i(2) slope intercept form

2x 4. 6y - 6 = 0

OR 6y = -2x 6

y = -1/3x 1

OR 3y -X 3

(3) point slope form y 7 yi = s (x-- )51)

PI m (-3, 2)

y - 2 = -1/3 (x +3))

OR -3y - 6 = -x :.3

x - 3 m 0

'#

1



(4) intergept forr, x/h

(5)

k (ftom equation above:

h 3, (P2 (3, 0))

x/3 + y/1 = 1

OR x +, 3y = 3

x 3y - 3 = 0

parametric form x xi t x

Y'YilFtAy
AX= 6

Y ( )

You should verify' that the parametriC forin can be reduced to
4,

equation x + 3y - 0 by eliminating the parameter t.

60

(6) norMal form

2x+' 6y - 6 =0

0. 2x 6y. 6,

. i571.17-

6 6

Vr-10 Viir)

so. 'X + 3 H 3

VIIT 1/1-6
'1

Vag aVTir

'

;.4
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41,,f

4,0

(7)

VO

general form ax + by +,c = 0

_[thx, gy] = [6, -2] so [a, 0] [2, 6] .1); = (-3, 2)

c = =ax1 -byl

c = (+2)(-3) - (6)(2)

e 6 - 12 im -6

4.)( by + c ='0 becomes

2x + 6y - 6 = 0

(a) 3x - 5

y = 3/2x +"5/2

(b) y intercept (0, 5/2)

x 1ntercept(-5/3,

(c)v 3x - 2y 4,

3x
2.Y , -5

x 7.3/4 k = 5/2

1/9 + 4 V57-4 _,NA

-3x/Vr3 +. 2y/Vii =

(d) [3, 72]

(e) [2, 3]

The objective (a) of this unit states, "Writtsi an equationiñ

any of.the requested standard.forms of the Zine which satisfies a

given set of conditionp and sketch the graph."

66 61



ts.

In the.prevlousVerial you have learned the formeand how to :

volte a linear equaiion given some conditions. The condittons you

have used,so'far are:. 2 points; a point and the slope, the slop
%

and y-intercept, direction%numbers and a point, a coefficient vector
.o

and a point, or some combination of these conditions.

You might be askeil to write the equation'of. line parallel or

perpendicular to a given line'or to write\the equation of a line

parallel to a given-line and at a gil'ien dist ce from a. fixld

point. Anothei4 problem,you might encounter i at of writing the

equation of the line that bisects a given angle (Where you know

the equations.of the lines.forming the angle.) So In this section
)

.you will investigate some of these conditions and learn how to use

S.

them to write"the required equations.

Read pages.80-81 (Writing equations of lines paral)el 'or perpendicular

to given lines.).

In the discUssion on writing the equation of a line perpendicular to

the.line ax + by + c =.0, the coefficient vectorl = [a, b] is

perpendicular to the line ax + by + c = 0. Therefore, the vector

u = I)] is parallel to the required line and the vector co-u =

[-b. a] is nthe coefficient vector for the required line. (The one

perpendicular to ax + c = 0).

4

6'7
10

6

62
_ _
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In' the figtel,..i.. likt .e.i ..,$.c>vc -÷ by- .;+ ci.
-.._. 6 .

,.
.

. . .

...an.d...t.; pe :the equation,,of . the lin*:
u 1a,b1 '',..,Rerpend tail ar to: ti..---_the. equat1O0 :of-,

. .04,--. '..1.. .

to.u..1.6.41 Z2 It--Of thesform -bx + ay *ralff:,.,, '

4,

'

teo-u = As the ceeffIcient

vector for £.2). S,ince, yi.) is int

+ ay = 7,bxi ay1 z OR
, .

y =.1:0(1 ayi

lou may also use the direction number form.since u = [a, 0 is..

parallel" to t2. u is 'a pair of direction numbers for £2. and

v.x/sy-yAx. xlAy- ylAx;

Hence

Answer: bx - ay, = bx1 - ayl

a

YLV

A

On page.81-82, work problems l (a c), 2(a,. c), 3(a, 4(a, c

and 9.

I, 63
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y

-Self-evaluation
. .

Find :an equation of the l ine that 'passes ,through the pqfnt

.

(5, and is parallel to the lithe otlx z' 3y 0,

2. Find an equtiqnf the ,1:Ine pases) throu§h. the poiq,t
04t,

(2) is perpendicular, to a line whose slope is 3f2.
I '1,

0

6

A i\
0.

0

,

I ),

r-

041

:1 .

t

t
v

41

ti

064',



Answers:

1. 'The equatjon 4 of the form ax by k, 'and since the line

passes through the point (5 :1), then k = ax1 tb,Y1 sO k

4(5) - 3-1) or k 20 3 = 23. ,Therefore, the required equation

'is 4x - 3y = 23.

Ay
3

The slope, Of the gi'ven line s = . Therefore the
AX 2

sloOdof the line.Perpendicular to the given line will b

A set of dlreCtion numbr for the required4iine is [3, '-0 an4

the equation

becomes

or

XAY'-YAXIXIAY4JIAX
.

-2x - 3y.= 2(-2) - (-1)(3)

2x 3y = 1

,

. Read pages 83

t'

Oistance frOm a point io a
i

,

fn the,second par'agraph, 83, ax1.+ bill c 0 because only

N, . t

points on the line Wisfy the equation of the .line. Notite that

die 'distance from a Ooint o a line is'perpendicular 'distance.

, V

,911,pages 85-86, work problems 1, 3(a, c), 4(a, c) (Hint, since
mw

cparallel lines are everYwIlre equidistant the distance from ANY

. PUNT O0NELINE io ihe otheilne is the*distance between 2 parallel
-

Nlines),. '11 0, &p1 15..

65
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Self-eValuation

1. Find the distancé from the po!nt P (3, 5) to the line

2x - 5y - 1 = 0.

SI

66

* 21 Find the height of.a triangle whose base lies on.the line

x + y = 2 'andithe vertex of the angle opposite the base is at

the point (5, 4);

Write the equation of the line parallel to the vector u = [4, 3]

-and at a dtstance of 1 unitsJrlim the point (-1 .-2).

(11

,

(7%
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Answers!

3..

2(3) - 50/ 1 :3 20/1.67-1

N./9 + 25

s + 4 - 2 . 7/N4fl."

V25 + 16

Hence, the equations of the lines are

The equation of the line is.

ax + by + C = 0, Where [a, b]

[-3, 4] and

ax1 + by1 + c

6

ii7-47727
where 6

-3(-1) + 4(-2) + c
so, ±4 =

Vi717176-

20 = 3 - 8 + c

-2o m 3 - 8 + C.

- 25, -15

-3x + 4y - 15 = 0 OR - 4y + 15 0

-3x + 4y + 25 0 OR 3x -,4y - 25 0a

`.

Read pages 91-93 (Equations of the bisectors of angles).

4

Writing the equation of.a line that is in angle bisector is a direct

application of finding the listance from a point to a line.

T.
4vo.



17 68

In the first paragraph on page 71, if

intevect in a unique point. (

,

al bl

a2 b2

t 0,'then the lines

The figure below is ttie same as figure 3-32 in your text with the

other angle bisector included,.,

73

68
ov- 10,



17 69
e.

For the point'P on £2 (in the interior of the obtuse angle) RP

and the coefficient vector u and 05' and,the coefficient vector v.

are both par'allel in the opposite seme, therefore the equation of

l iS
a1x1 1)0,1 + cl a2x1 b

4.-2Y1 C2
t

4a,2 bC2. lia22 + b22

For the point P on £1 (in the interior of the actite angle) 11

and the coefficient vector u are parallel in the same sense and 05

and the coefficient vect6r v are parallel ih the opposite sense.

Hence the equation of ti
alxf 12101 cl a2x1 + b2Y1 c2

In example'3-26 the origin is contained in the interior of the

angle but is pot located on the bisector of the angle. .

Problem 3, page 93, Is begun below:

14144

Find an equation of the bisector

of the obtuse angle between the

lines x - 3 0 and 3x - 4y - 0.

The coefficient vector u for x - 3 0

4 X iS . The coefficient

vector v for 3x - 4y 0 is .

Answers: [1,'0], [3, -4] , respectively.
111.

.69



.Since gr.and kFar.e parallel

'in the Opposite sense (see figurel

to-u and.v, the equatiOnis of the

form

alx ba

or

2,+bi2

x + b y"+ c

x - 3 3x - 4y

VT V7S-

+ b22

Hence the required equation is,

x + 4y - 15 -= 0

On,pages 93-94,-work problems 1, 2, 6, and 12.

Sel f-eva Tua ti on,

1. Find the equatton of the bisector of the acute angle formed

by the intersection of the lines 4x - 3y + 3 = 0 and yw= 0.

2. Prove that the angle bisectors of the: triangle formed by the

coordinate axes and the line 3x - 4y + 12 - 0 intersect in a
Ai

point.

7 0

V

716
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Answers:

Z. See your instructor.

17 -71

u = C4, -3), v = CO, 13. Hence, 4
and u and MP and v are parallel in the

same sense so the equation of the

bisector is of the form

alx blY cl = 0 a2x b2Y c2

2 + b12

or

3x - 2y + 3

V16+9

5x 4. 2y - 3 0

4a22 b22

71



Unit 18 -- plcs

,

IIIRationale:

,. You have seen that the graph of a finear functiOn ax + by 4- c = 0

,, is a straight line. A natural step.would be to.consider the graph of

18,-1

second degree equations. When this is done, it is found that four new

types of curves appear as possible graphs of such functions. These

cUrves, the circle, ellipse, hyperbola, and parabola have been known and

studied b'y mathematicians since ancient times. Collectively, along with

certain combinations of two straight lines, they are'called the conics or

cbnic sections.

Conics also serve as mathematical models for many scientific

applic'ations:. For example:

(a) The frath 'of the projectile from a gun (or a suborbital

rocket), "when acted on by gravity alone, is a parabola.

(b) The orbits of the planets and their satellites are ellipses.

(c) The orbits of comets are either elliptical or hyperbolic.

(d) If the weight of a roadbed suspended from a cable and-the weight

of the cable are uniformly distributed horizontally, the cable'

assumes the shape of a parabola.

(e) In ,the construction of bridges, elliptic arches are used as

well as parabolic arches.

So let us begin by defining a general conic.

Objectives:

(18.5 Sort conics by name given the'equation r enablers, or graph.

I,18.4 Yor a hyperbo4g, given a.set of conditions, wrtte the equation in

simple form, determine the enablers pertaining to that conic

(a, et, focal point, etc.) and graph the conic. (The condition can

include the general equation.)
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18.3 For an ellipse, given a eet of conditions, writ the equation in

simple form determine the enableré pertaining o that/conic 4

(a,,c, focal point, etc.) hnd draph theconic. (rhe condition can

include the general equation.)

18.2 For a parabola, given a set of conaitions, write the equation

in simple form, determine the enablers peratining to that conic

(a, _id, focal,point, etc.) and graph the conic'. (The condition can,

include the general equation.)

18.1 State the definition of a donic and apply the definition to

determine the equation given the focal point(s), equation of the

directrix and eccentricity.

Prerequisites:

Unit 17, Unit 14 (Linear Algebra -- Objective 14.4 Solve a system'

of three linear equations using Cramer's Rule.)
.;

Unit Activities:

Lectures 3, 4, and 5.

The lectures over this unit will have the following outline:

Lecture 1. The parabola

A. Definitions - parabola, and terms: focal Point, focal radii,

latus rectum, etc.

B. Determining enablers and graphing

C. De6rmining.the equation of parabola

Lecture 2. The ellipse and circle

7. 4

A. Definitions - ellipse, circle and terms: center, focal point, ,

directrix, radius, etc.

B. Determining enablers and graphing

Determining equations

78
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Letture 3. the hyperbola

1

A. 00finitions hyperla and terms:

chord, etc.

B. Determining enablers and graphing

C. Determining equatiw

,a

center, ma or axis, focal

N

-

D. Asymptotes, special hyperbolas conjugate and equilateral.)
p.

Procedural Operations:

In this unit you have the same options as, in ling 17. After

.objective 18.1 you can go to 18.2, 18.3 or 18.4, but you are advised

to follow the sequence 18.2, 18.3, and 18 4 because this order follows

the arrangement of the.1,4xt. Below is a graphic representation the

order cif the objectives:

Average time: weeks..

18-3 1

'

to

7 5
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Objective 18.1

State the definition_of a conic 4na apply the deAnition to determiine

the equation given the focal point(e), equation of the directrix and

eccentricity.1

Activities,18.1 (1 is suggested)

1. Your TeXt and Study Guide

Morrill, W. K., Analytic Geometry, pp. 138-1'39

2. 'Individual Ass'istance

Informal Group Session

Self-evaluation Objective 18.1

1. If the eccentricity of.a conk is, 5/4, the conicls a (an)

2. Derive the equations of the following conics:

(a) e = 2/3, F = (6, 0), equation of directrix, x = 27/2

(b) 'e = %/".Z,F = (0, 2), equatior, of directrik, y = 1

7 6

41p

1
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, 4.

Answer :

1. hyperbola

2. (a) )t(121

= 1

.4

A

. / '

I.

\

18-5
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18-6

Objective 1m6e

.(Por a parabolU) Given a' oet Qf conditins, determine the enablers

pertainng to that conic C, focal point, etc.) write the equation

In simple fOrm, and graph the (ionic. (The condit-ionscan include the

gendral equation.).
c.

ActiOties - Objective 18.2 (2 and 7 are suggested)

1. Your Text

Morrill, W. K., Analytic Geometry, Pp. 22-23 (Symmeiryl. pp. 112-114
(Symmetry) pp. 142-147.

Exercises: p. 23, problems .k and 3

pp. 145-146, problems 1, 3, 4, 7(a) and 8(a)
pp. 147-148, problems 1; b, c, f( and:7
pp. 151-152, problems 4(a), and'9

2. Your Text and the Study G6-ide

Solved Problems
I`

'

Sthaum's Outline Series: TheOry and Problems of Plane and Solid
AnAlitinetr, p. 47, problems 1 and 2, p, 48 koblem 4.

k 4. Other Reading Sources

Fuller, Gordon, Analytic Geometry, pp. 54.=58 (Parabolas)pp. 61-62 /
(Symmetry).

4ek

Murdoch, David C. , Ana

Prot Morrey, Anal

Indivi&al Assistance

eometr ,.pp. 127-129.

pp: 103-105'

Your instructor'is available -- use this sburceof information when°.
youbneed fielp. A short visit can probably help clear up many of,
your problems. ,

6. Informal Group Session

T:'.,Lecture 3 -(Parabo3a).

i(eethe lecture's.chedule

aliop Oblectfve

4

,

4'
1. *etch t4 image of the.foOlowina2sei 0:1,points tvith res pea to the

,(Use space on Aht following page.)



st

/1

A

00

vio

'

'Show tha-ethe :curve whose -eqUation, y2 .8x

oto

,
with'respect to the origin..

A

k

Matti) tfie egua-1,Jons
,

1. = e

d

is hol symmetrit
.1

I .

4

4211:

PP

9

"Pi(
.

-41
.

0

041 .

,

of the directrices lo the, proper equations.

k 0.

'2-.' X = 3/? a (b) y2 -- 4ax
, , ...,

. ,

3.: y I, ,-2/3 ' :.,(c) y2 =',-4ax
V

"(a) .X2 4 4,0

4. x = -4 - ;.(d):1x2".=1: -400

GiVen e .fo ing 'aohditiip4§; detémine, the value bf a, detennine .

.. v410 t, '

the equation-of"the pAraliola that satisfies those -conditions, and

the graph bf the4 parab4

Tte veftex isa

.0

0

( b ) One Of:the cooird'Inatet pofigie in ersectfov of the. parabola
I. 0 'ts

k

.and its latii'rec- tum are. (-4 :72) and"t4, aiis of syMmetry
. \ , f .4

is the ,y-xfis, and4Ae vev:tex is' at 'the
1
o 19in.

.4

A..

'9) and. the focus is at 0)

5. Discuss* and sweh the curvb 242 -'37i O.

'"
i 4, * * '' '''

0

.
*".DiscusS" means, to gt.y0,,, the coordiates of. the *SAX; ;facts and.,

-,,
points of the lotus. rectun4ond. an .,Eitfu.ation.of thei'dtr, Mx%

.
9

- . 0 0, fo .
0' . °I

Oe 81 'd t U 0

4
. _.

. '''.7,9i,.
..,- ., . ,

.

".
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Answers:

:N.:. a

..

54

I. ,

1

1-
d

c

A

Si'

IP
re-111

,

3 a

4 b. ,

. ,

(a )

y2 = 4ax

g2 = -12x

t

2y 37x = 0

y2.= 37/2),(

.1

"Replace x 'with -x and y with -y.

y2 -tte- gx
? (-Y )= 8(-x)

.4
y2 = 8x $ . )1,2_ ? -8x

Henc9,., $he curve is not fymmet'ric, 1
#

witb respect to the orig)n.

.9

.5

= 2,

X2. -= -lay

Hence, 4a = 37/2. and a = 37/8,, the pai/abola owns AO-the righti
.

V 0

coordinates of ere focus are (37/8, 0),cdordiflates of the end0Joints.
;

. .

°of the latus rectum are 137t8,.,37/4) and (37/8::: :37/4), equation of

..-theldirectrix is x : -37(8,

8(1

.*

4

I.

4

4

54

4
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ObjecIive 18.3 Rtlipses and Circles

(For an ellipse) Given a get .of conditions, determine the enablers

pertaining to ,the conic (a, c, foCal paint, etc.) Write the equation

in gimple form, and graph the conic. (The conditions can.include the general
$

statTent. )

'Activities - Objvtive 48.3 (2 ,and 7 are suggested)

1. YourSext

Morrill, W. K., Analytic Geometry, pp. 153-163,'pp. 165-166 (Method 1)
and the Study Guide Tas1( 6 (Equation of a Simple Circle).

Exercises: p. 157, problems 2 and 5(a, b, c,,d)
pp. 158-159, problems 1, 448
pp. 159-160, problems 1, 3, 5
pp. 163, problems 1(a),'2(a, c, g); 3(a, d, f, g,

lice), 5 and 7

2. Your Text and tOe Study Guide
4

3. Solved Problems

to

Schaum's Outline,Series: Theory and Problems of Plane and Solid
finaly.ticiietr, pp. 52-57, problems 1, 2,.3, 4, 8, 9, 14, 15, 18.

6ther; reading Sources

Protter, Morrey,''AnalytAc Geometry,-pp. t14-120.

Murdoch, David C., Analytic GOmetry, pp* 119-12.

Gordon,, Analytic Geometry, pp,. 66-69:

NOTE: All three of thbse sources use 8,different definition for ao ellipse

than your text. Theif definition,is proved as a theorem (5-10) in your text.

5. Indi°/idual Aslistance

6. Informal Group Session

T. -Lecture 4 (Ellipse &Orel (See the lecture schedule

5e1f-eva1ualtion 0bjecti've.18.14

1. Use the string, tacks and cardboard (In the envelope on the back

2
cover) to construct an sellipse,qh0se equation is: ig

1
4

AS* 4-
4

81
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2. DiscusS* the" ellipse whose equation is 16x2 9y2 ... 144 ana sketch

the graph.

The earth's orbit is an ellipse with the swat one of the foci. If

the semi-major axis of the ellipse is 92.9 milliOn miles and the eccentricity

is 0.017, find the greatest an'd least distance of the earth from the

sun.-

I.

Or

*"Discuss" means to ,te.the coorClinates of the veriex,foci, the end points
of the fatus rectum, intersection of curve and minor axis, and equations
Jtof the directrices.

82



Answers:

1. See your instructor.

2. uation' sbf the form:
a2 b2

1, a 4, b = 3, c /7/4,

coordifiates of foci (0, /7), (0 , 47) , coordinates of vertices,

(0, 4), (0, -4), equations Of directrices, y = t
16iT

coordinates

of intersection of curve and minor Axis (3, 0), (-3, 0).

3. (94.(5, 91,3) million miles

18-11

83

'11
1



18- 1 2°6'

Ob j ea t [Av. 18.4 Hyperbo Lao

Por .the hyperbola) (;loen a rwt of conditiorw, write the equation in

. nuap /_ JQrm, dotermino the enablers'pertaining to that conic (a, 0, focal

point, etc., ) (ind graph the conic. (The conditions can include the

genera!, o(i ua tion. )

iActivities 18.4 (2 and 7 are suggested r

1. Your Text:

Morrill, W. K., Analytic Geomeiry, pp 168-182
Exercises: p. 170, problems 1, 6(a, b, c)

pp. 175-176, problems 1(a, b, c), 2(a, c, e,,f, g, h, rn, n),
8, 11, 13

pp. 178, problens 1, 4, 6
p. 180, problems 1, 3
pp. 181-182, problems 1(a, c, e), 2(a, g, o, r, k, 4, 4

w, and y)

2. Your Text and the Siudy Guide.

3.. Solved problems:

Schaum's Outline Series: Theory ond Problems of Plane & Solid .

Analytic Geometry., pt. 60, problems 1, 2, 5, 4, 7, 8, 12, 14.

4. Other Reading Sources:

Fuller, Gordon, Analytic Geometry, pp. 73-79
Protter-Morrey, '-nalytic Geometry, pp. 124-131

.Murdoch,:David, Analytic Geometry, pp. 1237126

Notice that the equations in the above material are developed from a-
different definition than your text uses. The detinition used in the
above sources is prpved in yourtext as'a theol-em.

5. Individua1,Assistance

6. Informal Group Session-

7. Lec'tUre 5 Hyperbola

AK. P

Self-evaluation -.Objective 18,4

1. Discuss the following conic. 'x2 y2 = 25

2. Write the equation of the hyperbola withJets center at the origin,

transverse axis on the y-axis, eccentricity 2iT length of the lotus

rectum 18 And sketch the curve.

41,



Aswers: 1. Vertices (i5, 0), foci (±512-, 0), e = v7, laths rectum

10, equation of asymptotes' y = ± x. 2. 121y2 - 11x2 = 81.

a

Lj

S.

-

OP,

18-1
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pbjeotivp 18.6

0

Sort conico IT, name given t e equation; enabliaiis or the.groh.

Activities 18.5 (2 and 3 are sugg sted)

1. Your Text

Morrill, W.K., Analytic Geometry, pp. 185,
. Exercises: p. .06, problems 1 and 2

2, Your Text and Study Guide

3. Individual Assistance

4. Informal Group Session'

Self-evaluation Objectdve 18.5

1. Fill in the blanks below. See (a) 9S an example.

Name' f Cpnic . Graph . Equation Eccentricity_

g.

y2
.... ax

y2

b2

.o

e =

"\N

4



Name of Conic Gra uation Eccentricit

i

0 hyperbola

.1

x2 .1. y2 = r2

X% = 4ay

x2
1

a 2 b2

= ,4ax

/

'V-

8 7

41'
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Name of coilic

'AnsWers:

Self-evaluation - Ob ective 18 5

'Fill in thVlolanks below. See (a) as an example.

parabola

ellipse

parabola

13

Gra uation Eccentrici

'`

8 8

off

=

.b2
1

e <. 1

X2 = -4ay e =

x 2 -11 'y2 , r2

A

1,

6'01

tt

e = 0

,4(

ec

.



18-17

m of cowl G a uation E centric t

a

parabola

,ellipse

hyicerbol a

4

x2 In 4.4ay

x2 ,

b2 a2

)11. 1

a2 b2

e kt 1

e > 1

e 1

e .> 1

89
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18.%8
Unit 18 -- CONICS

Rationale:

You have seen that the graph of .a.linear function ax by c = 0

is a straight line. A natural step wOuld be to consider the graph of *

second degree equations. When this is done, it is found that fou'r new

S.

types of'curves appear as possible-graphs of such functions. These 4

curves, the circle, ellipse, hyperbola, and parabola have been knrn and

studied by mathematitians since ancient times. Collectively, along with

certain combinations of ,tWo straight lines, they are calle4 the conics or

conic sections.

Conics also serve as mathematical models for many,scientific

applications. For example:

I

(a) The path of the projectile from a gun (or a suborbital

rocket), when acted on by gravity alone, is a parabola.

(b) The'orbits of the planets and their satellites are ellipses,

(c) The orbits of comets are either elliptical or hyperbolic'.

(d)' If the Iveight of a roadbed suspended from a cable and_the weight'

of the cable are uniformly distributed horizontally, the cable'

assumes the shape of a parabola. k

(e) In the construction of pridges, elliptic arches are used at

well as parabolic arches.

So let us hegin,by,defin

Objèctives:

7

general coniC,

18.5 Sort conicl by name given the equation or enablers, 'or graph.

18.4 For a hyperbola) given a set of conditions, write the equation in

simple.,form, determine the enablers pertaining to that conic
,

,

6a, 0, focal point, etc0 and graph the conic (The oOndition ca

include the general pquation.)

f

'1.



18.3 For an ellipse, 'given a set of conditions,,write the equation in

simple fbrm determine the enablers pertaining to that cbnic

c; focal point, etc.,) and graph the conic. (The.condition can

include the general-equati1.)

18.2 For a parabjla, given a set of conditions, write the equation

in simp4 form, determine the enablers pertaining 'to that conic

(a, c, focal point, et.) and graph the conic: (The condition can

include the generat'equation.)

18.1 Stle the definition of a.conic and apply the d niAion to

determine the equa4ion given the focal point(s), equation of the
iv

directrix and eccentrtctty.

Objective 18.1 General Conics

Objective:

41.

State the delinition of a donic and apply the definition to determine

t e equation given the focal point(s), equation of the directrix, and

ccetricity.

\ Instructional Actfvity - Task 1

Reacrpages.138-139

Denote the focal point of any conic by F any point on the conic by P,

the projection of P on the directrix by D, and the eccentricity.of the

7
conic by e:

You 9ou1d be able,toAranslate the verbal :definition,into a mathematical

statement. Try it below:

u 0

.
91.



MinswO The distonce.om an'y point P.(x, y
,

den4eCI
4

The distahce'from..a.hy point P(x, y) to a fixed,line

Fterrice: e OR./ II .es.IDP1

a,

See the draWings below f,or a parabola, elliPse bid a hyperbola.
, a

,

can

.Fecan .be

be de-noteci.I IDPI.

4

to

;

4

r'

ft.
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So'to.determine'vthe equation by applying the definition of a conic .

you must set IFP1 (the distance from the focal point to any point

.R(x y) on the conk) equal to elDP1 (the eccentriciti times the distance

fromcd4/3/u point P(x, y) to the projection of P(x, y) on the directr1x.)

This is an application of, 2 tasks in Unit 17 (the distance between2

points, Objective 17.4 .and,the distapce froMf a poffit t0.1 linerObjedt v. e 17.1);

Exam4les:

Determine the equation of the following conics.:

(a) e = 1, F = (-2, 0), equation of directrix: x = 2

(b) e = 543, F = (0, 5), equati.on of directrix: y = 9/5

(c) e = 1/3, F = (3, 0), equation of directrix: x = 27

AnswerS: parabola, 11(x 2 2 I

Since e = 1 the conic.fs a

IPI = elDPI OR IFP1,= 11OP1

IFP1 7 4(x--(-2))2 y 0)2 =

1(131 Ix 21
\r--1

IFP1 = IDPI

ii(x Z)2 y2 . [x

(0( $,2)2 y2)2

- 2) i

' (Ix. 21)2

(squaring both sides)

Hence the equation of'the parabola ii:

21, y2 = -8x, respectively

93
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18)2
t

(b) The drawing isn't necessary, so'it will'be omitted in this example.

Since e =.5/3 the conic is a

IFP1 = e IDP1 OR . 'FPI = 5/3 IDP1 .

IFil . 4.(x.- 0)2 4- ty - :02 ..... '.

5Y -iti._ '..;.. '7-i5rAL-91 ,.

,
. 5 .

25 ,

!FPI. = 5/3 101

x 2 y 5)2 = )3/3 9V
,

( ,1 x2 y2 lOy 4. 2.02 n

N

tl

g

= (0 5)

f"
9/5, equation of :

*
, directrix OR

5y - 9 - 0

'4

squaring both sides

Hence, the equation of the hyper6o1a is

Answers: hyperbola, Afx2 y2 25, ;2:- ).(11 1
A

4

a

ss.



) (c) Sinct e =. la the conic i 6' (an)

' V.V.... ..474oe ..,.r , . S..

07.51`,

'FPI = OM OR IF.PI:= 1/3 IDP1

IFP1 =

r

18-23,

IFP1

Hence: -

(4

I.

44

. Hence the eqution of the ellipse is

Answers: ellipse, 11(x - 3)2 4..

.41

F = ( 0)

y = 27 equation,of directrix

OR y - 27 0

'

4

4
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Self-ev4ation

1. State the 'definition of a conic 'general conic)..

2.' If the eccentricity of a conic ii 3/4 the eonic As a Can)

3, If the ,eccentheity of a conic is 3 the conic is' 'a(an)

4: If the eccentricity of a conic is 1 the conic iS a(an)

5. Derive the equations of the following conics:

(a) e = F = (0, 2), equation of directrix is y_= 1.

(b) e = 2/3, F =.(6, '0), equation of directrix is 27/2.

e = 1, F = (0, :3), equation of direCtrix js y = 3.

I/

-



S.

Anpwers:

r.411-4.1qe bottom ,pkge 139 General D,eftnition of 'a Conic.

2. ell ip ,.

4.

3. hyperbola-

a-44 ,parabola

5, ,(a) IFPI =4(x.- 0)2 +(y--= 2)2 =

. '

if.- 1001

/\
y2,_ 4y +4 = /2. (ly 1I)

4- y2 - 4y + 4)2 = (12- 1Y 11)2'

x? -h.y2 - 4y + 4 = 2(y? - + 1
-v

x2 .+ y2 - +,4 =.2y2 - 4y + 2
x2 y2 =

sx2 2 -2-f-
x2

2 2
1 (hyperbol a)

(b) IFPI 4 ( - 6)2 + (y - 0) IDPJ

IFPI = 2/3 IDPI, ,

( 4x2 - 12x +,36 + y2)2 (213 I2x 2

2 71

x2°- 12x + s36 + 2 '.4)(2 10EIX + 729Y= --e
.

. < I
/9x2 - 108 + 324 + 9y? = 4x2 108x +,72

,5x2 + 9y2 = 405

5/405x2 9/4053?2 =,405/405

. \ripse)

o



.1 8.- 26

7

(t);._ IFPI ..4:(x- 0)2 + (y -

`,/IDP1 1y, - 31'

/I

. *

='1 IDPI
.0

4X2 4. 3)2 ly A. 31

x2 + y2 6y f-q2 :=.1 (TY- )

x2 + y2, 6y + 9 y2 6y + 9

= -12y (parabola)
0 I;

I.

t

A'

a

a,

°

°

S.
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r

I .*01,

\

Objective 18:2 g(Parabola)

Objecti ve 18.2

(For a parabAa), (.;!i,ven a sgt of qpnditiong; write the eqls4a

in simple fbrim, determine the enablers pertaining to that conic
.

v
focal point, .0c1.). and graph the conic. (The condition

.
.

can include the qeneral equation.)

'c

Instructtonal Activity Task 2 (Symmetry)
.

Pad pages 22, 23 (on Symmetry) and work the Vroblems 1 and 3
. .

,

on page 23.

Self-evaluation

1. B is the image ofA rovided C' les the .

the segment joining A. and B.

Sketch the image of the following points P1 P-2- and P3

with respect Ao the given paint B.

,1

4

18-27
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18-28

4

3. "Sketch the -image' of theTolibenrpoipts PI,' P2 anci P

with rctto the

.-/

4. , If the fopowing line segment4 PI P2 and P'1.P.'2 are

I

images of each other sketch the line 1 that is 4he axis'

4

of symmetry.

NOTE: Remember PI P2 and Plf -P'2. are set's_..of points

hence. P'1 is the image of"P1' andP2 is the imageof P2.

Likewise any Poilit Pi omPlPzicontains an image P ton
'

P P21.

I

.4

1 4

111, .1.



V.

JP'

1. midpoint

2.

I.

3.

4.



Read pages 112-114

go

4.

Show that the parabola y2
J .

\
-

- .

Bx it .symmetfic with, respept to the

x-axis but not'with eespect to,the orjoin. arJ

Solution: (a)' a curve.is symmetnic with respect to the x-axis

prdvide f(x,'-y) = iS equivalent to f(x, y) =-0.

,

)1.

If you replace y with -y in the equation'y2 = 8x the resblt is

(1y)2.=, 8x o'r y2 . 8x: .hence the,equatiohs are equivalent and the

, parabola is' symmetric-with respecl to the x-gxis.

(b) If the curve is Symmetric with respect to the origin provided.

f(x,'y) =..0 and rarequivalent: Replacing x with

,

-x and y with -y in the equation,y2 = 8x yields

Hence the curve 19 not symmetric with respect to the origin.

Answers: f(-x, -y) 0 y2 = -8x,

Self-evaluation

a

V

1. Show that the. ellipse x2 4. is sympetric with'respect
16 9

to the (a) origin, (b ) 'the xThxis, (c) and the y-axis..

10 3
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Answee:

1. Ca) Replace x With -x and y with -y.

(-x)2 /16 + ( -y)2 /9 - 1 ,OR x 2/16 + y 2/9 = 14:

(b) Replace y with -y.

x2/16 + (-A2/9 = 1 OR x2/16 y2/9 1

(C) Replace Y with -x.

+ y2/9 -1 OR x2/16 y2/9 = 1

Instructional Activity Task 3 (Deriving equations)
0,

Read liages 142-145

You s'hould notice that you only need to know two Pie4kof

information in order to nite the equation of'a simple' parabola.
#

1.'syou-must know064 valuCof.a

2.. you must know how th 'curve:is located w th respect

,to the axes, (itiope s up, downi'right or left) and

the,,corresponding equation.

1

If you kw,/ tle focal point, this, giVes you both pieces qf. information.

(The cdordinates of the fotal point are F F--

--,. 110
'hence the location of F tells you how the curve is lociltia,

,

'Answers: .(0, ± a) or (±

too`k. '4,

4.03
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If tpu/know the equation of the directrix you also have the,needed
1

inforTation since the equation i:rf the 'directrix is either
.

., . .. , ,Or

AnswerS': y = ± a or'

Do the following exe'rci4es on page 145-146 do probtems 1, 4, 7

(a) and 8(a)4

'"-Exercises:

1. 2Metch the.following "focal points to the proper.equations:

,

1. (3,. 0).. -
* "(a). x2 + 4ay

.4
2. (0, -.2) y2 = 4ax

3. (0, 4)..° (c)
.._

.x2 = '-4ay

4. (4, 0) (d) y2 = --4ax_k
5. (-2, 0)

2. Match the 'equations of:the directrices to the proper,equation's.

.1 . 'y 4--- , (a) x2 = 4ay, - P "'.*.
4

2. x .= 3'/2 (b) y2 = 4ax ,

,

A 3. y = -2/3 (c) y2 =

4. x = :-4 :(d) x2.=',.-4ay
4

Answers: 1. (1. (b),, 2.. (c) a. (a) 4'. (',b) (d)
4

(a:), 2. ifs,41 3, .(a) 4. (b). ) .

,

.

1nstructionq1 Actiyity TO( 4 (DeteivinIng enablers and _graphing)

Read pa40s 14-147, Qo the' exercises, on the 61lowing _page and On

M. .

to4

e It

,

'1

4
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$

, ' , .
.,, .

pagps- i47-148,, WO( .p.roblems 1,,,, 3(a, Or c,. f) -and 7. . A labeled drawing
,

. , '-'4'. 4 :, . ' . .: Y,fpr; problem 7 qs;st;!t.he011:14 öf thsje1f-eva1uation for ,:t,titis.. ,
\ t. I ira 4

ecti've. 7
..0 , xls,

9(DWI' ti,use it unl* Obsolutely ssArt. ) 04 pagett15 41'52, work. i ,

. _At

Ao

.18-3
-

problems 4(a) and 9.
, -

ExerCise5:

a.

1. Fill in the blinks with the coordinates of the: points,

.the distances, or-the required equations:
lI

a.

,5

equation of. parabola

I

a

equa14n 'of parabolik

S.



a

,

Equation o Direct

'Oquatiq

....

Answers: ,ee your irMructor.

-

of parabOla

fl

.

equyor of parabola

r

#1.

#n*

t

te I
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4

'ua.t tort

I

.-
t f

18-35:

Given the'following conditions,determide'the equatiOn of.the
v-

. parabola that satisfiei'tftose conditions. Determine the value
4

.

of a;

,

(a) the vertex is at (0. 0), and the focirpoint iS at

-4)

(44 the-coordinates of the intersection of the parabola

and its latus rectuM are (-4, -2) and the axis of

sYmktetry'is.the y-axis. .

2. Discuss* and sketch the curve 2y2 = 37x. 4

Sc S.

t
or%

*0D1scuss" means to give-the coordinates f the vertex', focus, and end'.
points of the latus rectum, and an equation of the directrix.

4 icr

., 3



nswers:

1. (al

. ,

x2, = -4ay

='-1,6y

, ,

1 a =,2

x2 -4ay

x2 = -8y

2. 2y2 = 37x .0r Y2 ' 37/2x 4a =.37/2 hence,la : 37/8.
%

a
parabola opens:to the right, coordinatbs of focal point are

(37/8, 0). Enid point's of latus rectum (37/8; 3714) and_

(37/8; -37/4) equation of the.directrix is x -3i/8.

Drawing for probfem 7.

t

1 1 2

k

it
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OW,cttye 18.3 (Ellipses.,a d ircles)

,

.

Objective: .

1

(For"an Gi en a set of nditions; write the equation

,in simple flortn, ermine the enablers pertaining to that conilc

(a, c, focal poi etc.) and graph the conic. , (The condition can

include the' gen 'ra t: equation

11.

In5tructional act vity, Task (Equation of a9 ellipse)

Read pages 53-156. Below is a more detailed drawing of'figui-e 5-19.

\ .

R(o,y)

I

6

On pages 157 work ,pro lems 2, nd 5(41) (b), (c), end'(d).
.e

4
.
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4

,
.10*

IyIstruction41 Activity Ta'sk fEqu-alicinpfaanLecircIe)'

Study theAet 0 figures below.
V

.;

0

4.

..

,
tfi. . , .

Notice that as tHe value'of b approaches the value of a the graph

ofopthe ellipse becomes more circular and when b..= a the graph is

in fact'a cirtle, b. = a when c = 0 because b2.= a2 c2.

.'

a

V

,Sfnce c is the distance.from the cenler to.the. foci, when the fod (

,

coincides with the,cepter, the curve Is a

t.

Answer: Circle,
k

,.

.., 114 . . . :
,II ASV , V..,

.7.,/ ... -. e

.

et)



Develop the equati n .of the circle in figure 5 by tAing the equation

.4
, 2,for an (

= 1).2

,Definit on A circle is the locus of all points,and only those

points.which are equidistant from a;fixed_point.-_qbeii)nsii;n'e distqnce
,

-is cal ed the :radius an147441x.6dPoiiint iss called-0e center,of

ci

,...

tel

115,
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n .

Whet the.prigiNOs the 6enter:of the.circle.as.in figure5,

the 00ation Of. the.circle is

`
4

sx2 4. y2 =.,r2

above,

where.r is the radius of the cirle. This equa6o6 ,called the

simple equatiori of the circle.

Exercses:

1, Find the'equation of the,circle whose cente+ is at the origin.

nd whose radius is 4.

Find the equation of the circle whose ritrTis at.the origin

and whose diameter is 6. *

4

3. The end points.of the diameter of a circle are (3,4).and
. ,

(-3, -4 ).. .What is the simple'equation of the circle?

Answers.:

1. x2 Y2 =16

2: x2 y2

3. x2 + y2 ='25

Instructional Activity Task gi) (Terms for ellipse)

Read, !Ives 157-159.

\

Exercise:

Label the drawings 'on the following Page by filling in the blanki
k

(required equations and distances). a d by fiLling 'in the coordinates.

,s11. '

4)

CN.

.

4 /r.

/



I.

;

\I

.Equatio if Dircctrix

equation of ellipse

V'

.44

Answers: See your instructor.
1

117

1

4.

equigpn of ellipse



flt3..r 42.

4

to deterMine the'evatiionof an ellifse must-know or be
,

>

able,to find three itgps., (the'value of.a,w'the'value of b, a

,

,wh,ich axis i/si.the MajOrfaxis).. rf yoU look at the exercises on.,,,s
,

joage '158-154, yow will see the various condAions you might be Oven.
-to

ror eXample problem r gives you the values of a 3 b and\ tels you

which is the major axis. (The foci kverticies are on the.major

axis. PrOblem 3 gives you the value of a and'the value of el

A1014'
hence'You can findc. When you have the value ofi, c you can fill

lithe value or b.

You migbt find it helpful to make a table similar toclhe one

below before you attempt to find the equatiOn of an elQipse.

v0

a .coordinates of foci

_ b = coordinates of vertites -

\:

ae = c =

ae =

e =

Example;

a T 9

b 45

ae ,= c = 6

coordinates.ol'interletion of
curve and minor axis

a

Problem 3 'page 158.

e = 2/3; focus is at (6,0

'coordinates of foci,

coOrdinates of'verticeS

coordinate of intersection,
of curve and minor axi'v

a/o = '7 2 equation of dir.ctrices

P,t

(0, 45),

x ...... -27/2
,,.,

(-6, 0)

(.20, 0)

(0, 45)

9



ae- =r6

6

=

b2 = 81.- 36

b2 = 45

a/e 9 g = 27/2.

. 2/3,

'yence the:eqUation Df the ellipse that satisfites the:given oyndition is:

a2 b2

)y21x2
OR. + = 1

81 45

On 158 & 159 work prbb1em 1, 4,.5, 6, 7, and 8.

Read pages 159-163.

On pages 159:160 work prob1ems"1, 4, and 7.

On page-162.woreproplems 1 31 and 5.

,
1age :On R0

, ,

.s;, r--1', .

.

1. Find;the intersection of the ellipse whose equati.on is

x 2"..y2

a
2

11 b=
1

and its lotus rectum.

Wrk Orbbiems 1 (a),d2 (a) (c).and (g), 3 (a),(d) (f), (g)-(

'
and (.I.) 4 (a), 5 and 7:

Answer s c) (T. 132-,---70

a

Read pages 165-166 (method one)

Exercise:

6)

.ht . ..

1 (

N

4se the Stringo_tacks and'Cardboard that are'enclosed to constru

ipse whose equation Isv 2 . ,



,.

1 8-44.

7-

Self-eyaluatipn -(Opjective 18.3 . :

'.%
1. Di..sc ss*"the ellipse'whose,equa ion is ,16x2 = 144 And slc'etch the

go

Given the following conditions determine an equation that satisfiek,,

those conditions: focus (0, 3), direcirix y = 25/3.

V I.

e

kot

-Or

k

,a

116

,

"Distuss" means to give the coordinates of the vertex, focl, the'end
'point'of the latus rectla, Inktersection of curve and minor &xis,
and equations of the Orectrides.

120z'
ct



I.

.

b2 = e2

9 16
0

coordinates of the foci (0, tif), coordinates of Vertices (0, ±4),

coordinates' of interrction of curves minor axis (±3, 0)

y_2_

11.6 25

CD

t,.

.7:
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414ective_ _18.4 - ..Hyperbol a

'Obj ect iv P

I.

;<

1

(For.the "hyperbola) Given a set of:conditions, determine5 theq3nablrs

! 4

pertaining to the conic (a, 0, focal.point, etcU Wite the equativn
*.

in simple form, and_graph the conic. (rhe condiflions can include
0 ,r.

the.Oneral stptement..

Instructional Activity -

Read pages 168-170

aloo,

4.4s.

Derivng Equations)

e'

Egercises:

1. Verify that ICLI = ale and c :Jae

2. Work problems 1 6(a,, b, c) on page 170

Instructional Activity --Task 10 DetermcnIng enablers and .96phing)

Read pages.171-175

Notice as in the discussion on, .tbe ellipse, to determine the equation
,

-%

of a hyperbola.you must know three things:

1.1,B

1. the value of a
,

2. the value of.b

3. how the curve is located with respect to the axis,(which

form-of the equation to use)
4

1,

The r;iationship between a, b, and c is c2 = a2 +.1)2. Notice that

a can.equal. b. If b, then the hyperbola is Called an equilateral

hyperbola.

4

1 0 0

44

,

.et

3

4:
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$ 4
The table'used for the ellipse will, also be IlelPful fin. the

,hypeebpla but you,should:include the'equation of theatymptotes.in'
;

the list.

Exerciies: A"
,

I. Label the drawing below. (Fill in the blanks withI the equations

of the hyperbola and its asymptotes;.the'distances, and the

coordinates of the points.

I

At

'per bidd
Ip

2. Since y tb/ax are thecequations of the asymptotes of the hyperbola

aY-1 =:1, wh;t4.are the equations of the asymptotes of the
v

,

hyperbola y.;" x2

a24 b2

j



.7

3. Work problem's 1(a, ..b, c) 2(a c, g, h., lir, ii); 7; 8911,1/
4. rill in the blank with the equation'of the proper form:

OR'
b2

, .

x2

a2 b2

(a) Ithe.equation of a directrix Is Y.='4/5,

, (0 a vertex is at (0: 5)...

(c). the foc4 are-(6,.0)'and (6, 0).

(d) the transverse axis is the y-aXis%

(e) the Cbpjugate axis i the-y-axis.

(f) theeguations of the,aSymptdtes are

3x - 2y = 0 AND. 3x t 2y = O.

AnsWers: See your instructor.

Read pages. 176-182

Exercises:

1. Work problems 1, 4, ahd 6 on page 178

2: Work problems 1 and 3 on page 180

3: Work prOblems 1(a, C, e), 2(a, g,

Self-eyaluation:

120

1." Discuss* the conii,

o'
*tiscuss" oleans lo give the coordinates of the vertex, focus, And end
points of the litus rec4um, an pquation .of'.the directrix, and the
equations of the asymptotes.

,

r, u, w, and y)-.

4,4 I.

t 124

4.



2 Wite the equation of the hylierbOla with fts centr at the origin

transverse' axis oil 'the y-axiS, eccentricitY 24, 1engthA of .the

1atus rectum 18, and sketch the curve.

Answers:

1

fJ , N,

I

0

1., vertiies (±5, 0), foqi (±512., 0), e = 1atus rectum 10,

equation. of asymptops ±x. 2. 121y2 11x2 = 81

4.

A

125
4.
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Objective:

Can sort conics by name given the eiittation, enablers, or graph.

Instructional Activity.- Task 11. A(Recognizing conics)

Read pages 185-186 on the comparison of conics. The-circle could

be inclUded as insnumber 4.

4. Circle

Ax2 -2.0 +y F = 0, where A.- C and A and C are not to 0.

(a). If A, C, and'F all have the same sign, the circle

,is.imaginaryz,

F.=. 0, the locus is aipoint

(c) If F is different...in sip from A and C, the locus

is-a real circle with the center .at the origin.

The following three pages contain a coMparisorfof the parabola,

ellipse, and hyperbola.

122 .
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PARAB

TT7770,7,..1.-.70-17.., ,

.5

coordinates Of focus (a, 0,4)

Th

coordinates of focus (-a, 0)

coordinates of focus (0,

coordinates offocus -a)

y2 =. -4ax'

x2 = 4ay'

x2 = -40

a is.the disfance from the vertex to.the focus -- also the distance

from the vertexto the directrix.

the vertex is at the origin.

the length of the latus rectum is 4a. .

,



o

1 8

4

ELLIPSE

p
e

1 4

oomy.

b2

coor'dinqtes of the vertices (a, 0), (-a, 0)

coordinates of 61e foci (ae, 0), (2*ae, 0)

x2'

a2 ,b2

coordinates of the vertices (0, a),(0, -a)

coordinates of the foci (0, ae), (0, -ae)

,

a is the distance from the center tolhe v'ertex

a

1

c = ae'is the distance from the centpr.to the focuS.

the center is the focus.
c -

the center is at the' origin.

a/e is the distance from the'center to the directrix

I

1(

a > b

128
I

. ,



HYPiRBOLA

x2

a2 b2

coordinates of vertices (a, 0), (.a, 0),

coordinates of,faci (ae, 0)) (-ae, 01.

x2

a2 b2

coordinates of vertices (0: a), (0a,

coordinates of foci (0, ae), (0,-ae)

a is the distance fram the center td the vertex.

c is iiie'distance from the center to the focus. .

a/e is the dis.tance from the center to the directrix'.

(1,

,

thecenter is thp origin

b2 = c2 a2

i

c

a and b are not ordered. In fact a .11 b if the hyperbola'is'an

equilateral hyperbola.

125

'-'
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a

(14

.4

ercises:

1 . Work probl ems ,1 and 42 on page 186.

,

(

,

e

tho

5

-

1 .

1.

126
1 1.

131)

a

4

1

to

p.

A'
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161

c,

.

Self-eluation ObjecOve 18.5

FiT1 in the blInKs bOlow. See .(a) as an example.

do.

,"

Name of conid 6raph /Equation: Eccentrici0

parabola

ellipse

kr

parabola

q

.4

6

4.

Y2 W 4ax

X2 41
a2 b2

13t

z.

c-

"",

2 7;



Graph, Egtotion Eccentrici

..

hYprbola

,

111100.

a

' _

4.4ay.

x 2

a2 b 2

y2 = -4ax

132

J;

,s

,



.§.0:41141i ollitstL8,k
Fil1 in the4blanks be:low.. See.(a) as an example..s,

Name of conic

:1,4.

uation

y2 ill 'fiao;

'

,4e11417te-

parabola'

circle

x2 -4ay

4

x2 4.

113 3

40'

0

9,

e

e = 1
7rote.m..1.011.4..1

e-=

129

gee

# rt.
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!Mit 191::- TRANSFORMATIONS

35
.

The conics you considered in Unit 18.were very speCial--they ,

were all simpleccinics. (Their centers, the hyperbola, elltpse,

Snd cfrcle.,And the 'vertex in'the parabola', were All at the origin.)

When thevequation of the.Nconic is a simple ,equation, it is 4ry ease

to dikuss the curve and sketch the graph, but uflfortunately not

all conics are stMple Conics.' The methods of handling non-simple,

conics are introduced in'this unit.
*,

The two methodslintroduced are called,translation and rotation,

A ailtoil performed when the txis of 'symmetry of"the non-
--

. simple conic is parallel to the coordinate axes. (See drawing'below.)

ft

vi

rotation is performed when the axis of symmetry of the non-
.

. .

simple conic has"been rotated through some'angle with respect to the

coordinate axes, but the center or vertex remains at the origin. (See
/ ,

tne drawing to the left on the following page.l'
*

t

:135

194



4.

Sometimes you

.

e

I I ?0/.4
--.

)1.\\A

I 4+ \
A

'It .

must perform bOth a translation and a rotation (see

the drawing to the left aboVe).. This,occurs when the axis of

sYmmetry of the'ndn, simple conic has been,rotated and the center is

-
1

<C

not at the,origjn. In all the cases the translatlon, tile rotation,

or the translation and iTtation cohNerts the equation of the non-simple
,

conic to a simple equation. Then you can use the methods and skills
4of Unit 18 to'discuss the curve and sketch the graph.

Objectives:

t

-,,19,5 Given t.he image of a conic, describe-the'transformation ancP
.oketch the image

,
(4) . with resboot to a iiotatiOn and ,transllion

(b) with respect to.a.rotatiOn

(c) with respect ''ti) a transtagon, 411

19.4 .Determine the equations of the images of conics relative to
given transformation and sketch the curve

4'
(a). with reepect,to a. rotation

lb) with respect to.a translation
s19.3: Determine the vimplified'equations of images of polynomial potations

relative td a translatiOn' 't

9 'Determine t'W doordinates of the imagee of pointe ;ielative to '

a given'transformativn and sketch (the,points. with respeot to,the,

new axeS
,

,(a) with reepedt to a rotation

(-b) with respedt to"a tranplation*

,

ft



, 19.2 petermine the coordinates of the images of points relative to

, a given transformatión and sketch 'the,points witkrespect to

the new axes ,

(2) withresPect to a rotation

(b) with respect to a. tranelation 0 "

4

19.1. Determine.the equation of any conic by applAg the definitioh

of
,

that particular Conic

)

-4,

In order to follow the order of the text, you should use the

hierarchy,below:

0.

Unit Activities:

Lectures 64nd 7- .

, The lectures olier this unit will have the fo4low1ng (outline:
I4

Lecture .6. Translations

A-,

41.

19-

.

1. Nhen dd you use a translation to simplify an Fcluation

*
2. flow do you.perf.orin a,translation Wft4\respeCt tip 'a

neW set of axes,

A. Translation of a pojnt

B. Translation of a conic

h

How to chdose the proper translation for kpiven equatiOn
.0

"
4,4

..

.13,3



Lecture 7. Rotations, Rotations,and Translation&
IN

1. When do you use a rotation to simpMfy an equation

2. How do you perform a rotation through a given angle

3. How to choose'the proper rotation for a given corpc.

4. How to perform both a translation and a rotation in

Procedural Options:

order to simplify a given.conic

fe't1/4

The procedural options for this unit are the same as for

Unit 17. If you are having tröuble meeting the assessment task require-

ment on your first attempt, you should talk to your instructor and

discuss some alternate approaches.

f

g

Average time': 2 weeks-

4

V
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*Determine the eqqation of any conic by applying the definition
Of that particular conic.

Activities 19.1

.1. Your Text

Mogill, W.
.Exercises:

K., Analytic Geometry, pp. 139-142, pp. 103-112
p. 141 problems 1 - 8

pp. 105-106, problems 1 - 3, 4(a)3)5(a & c), 6(a, c, & e),
7(4), 9

p. 108 problems 1, 3, 9, 11, 15, 17
pp. 111-112, problems 1(a &.e), 2, 3, 4,(a, d, f, g) 5, 7, 9, 13

2. your Text and the Study Gulde

3. SOlved ProblemS I.

Schaum's Outline Series: Theory and Pfroblems of Plane and SolidAnalytic Geometry, pp. 35-42:pp. (circles) p 18, problem17; p 19problem 20; p. 48; problem 5; p. 53, problem 4; O. 53, problem 6;p. 55, problem"12; p. 62, problem 7._

4-." Other fteading Sources
41.

Fuller, Gordon, Analytic Geomet6fIrpp. 43-49..(circles)
Protter-Morrey, Analytic Geometry, pp. 94-96. (circles) pp. 106-107,(example 2)

Individual Assistance

Go visit your insiructor, ifidlet him know how well you are doing

\6., Informal Group Sessions

Take,it upon yourself to help your fellow,students with the previousunit. You will learn as much as they will.

139

'

1 3.5

4.

,

44
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ty

Self-Evaluation,AllipsnAl2Lc

1; Determine the equation of the ellipse with a focus at (71,

.directrix x = 0, and e = 17

2. Derive the equation of the parabola with its focus at (4, 3) and its

veriex at (4, 6)..

C.

(Hini: you need some of the skills you 'developedjn Unit 18 to determine

the equation of the directrix)

Derive the equation of the locus of a,point P(x, y) which moves so

..that the-dMance from c (3, 2) is always 4.

4..

4



Answers':

a

1. x2 4. 2y
2

4x +.4y 4. 4 0

2. Equation of the directrix is y = 9

Equatfon of the parabola is x2 -.8x + 12y - 56 = 0

3. (x - 3)2 + (y - 2) = 16
2

,

A

4.

6

1977.

137.

4
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5.14dg1vIL.111:1,
a

Determine the coordinates of'the images of points Ke1ative to ae given transformation and sketch the.new coordinate axis' and points
'with respect to the old coordinate axis-under a translation.

'

Activities 19.2 B (2 and Tare suggested)----,--,

1. Your Text

Morrill, W. K. Analytic Geometry, pp. 192-195
Exercises: pp". 194-195, problems 1, 2'

2. YouriText and Study Guide

3. Solved Problems

Schaums Outltne,Seriqs: Theory and Problems of Plane and Solid
Analytic Geometry, p. 67, problem 1

Otherlleadimg Sources

ruller; Gordon, Analytic Geometry, p0. 49-52

5. Individual Assistance 0.
l

6. .Informal Group Sessions\

7. Lecture 6 . A

Slf-Eveluation Objective 19.2 C

1. Determine the-coordinates of each of the points P. when.the axis.is
translated so the new origin'.is 0'.

(a) P (3, 2)

(b) P (-2, -1)

(cl P g= (4, -3)

0' = (4, 1)

0' m (-3, 00

(5, 3) .

1. 4

11

a

5,
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19-10

:9bjective T9/4 0

Petermine the equations of 06 images of "onlics relbtive to -a
given transformation and sketch the cur e with 'respect to 6
Aranslation.

Activities 19.4 B (2, 3, 'and 6 are suggested

1.. Your Text

Morrill, W. K., Analytic Geometry, pp. 193-194 Example 6-2)
Exercises: p. 195,,problem 3

2. Your Text and the Study guide

3. Solved Problems:,

A

Schaum's Outline Series: Theory and Problems. of .Plane and Soljd
ANlytic Geometry, problem .1. .

Individual Assiitance

Informal Grbup Activitif

lecture 6-

Self-evaluation 19.4 8

1. Transform.each of the following equations by.using the.given
point as a 6eórigin, and sketch the graph.'

cft

o

(a) 3x2 . 12x 4. 4y2 4. 8y = -4 O' ='(2, -1)

(b) x2 - 4x 4. By = 12 0' . (2, 2)

A

1:44,

eir



Answers:

(a) x'2
(b), 2 n -8y

4

04.

s:

4

1 41

Oro



Objective 19.5 C

Given' the *age of ,A confc; detcribe the transformation/and sketch
(

the dmage with respect to a translation.

Activitis 19.5 (c)

1. Your text:

Morrill, A.J.

page 197),

C2'and 7 are,suggested)

Analyqc 9eometry, P.195-199 (omit example

4N
Exiccises: p 199, probleMs, 3, 5,, 8,12, 14, and 15.

YoUr text and study guide?

3. . Solved problems

Schilums Outline Series: Theory and Problems of Plane A Solid

Analytic Ggometry, p. 67, -problem`2; p.. 69, problem 8.

OtheP.Reading Sources:

:Protter-Morrey, Analytic Geometny, pp. 135 (middle'of page,

paragraPh beginning, "We now,illustrat'e...) - 137.

Fuller, Gordon, Analytic-Geometry, pp. 82-84.

5.- Individual Assistance.

6. Informal Group SessionS

7. Lecture 6

°,Self-evaloation 19.5 C

Simplify and name the foildwing'eqUations and sketch t e
graph of probleml:

1. 5x2 - 40x - 3y
2

66 el 0

15.



ca

I.

+ 4x 16y + 52 31/ -0

9x2\ 18x + 4y2 '+ 2y + 37 0
. .

4

4

II

14 3



L (X 1 )2
-4 (ellipse)

I.

0 1.



C.

OBJECTIyE 19.3

ve,

Determine(the simplified equ4tion of images of polynomial
. functions relative to a translation.

ov

t.

v
Jktivities 19.3 (2 is 'suggested)

1. Your Text
A

Morrill, W. K., AnaTytic Geometry, p. 197, example 6-3
I

2. Your Text and Study Guide

S. Individual Assistance -

A. Informal group sessions

§elf-Avaluation Objective 19.3

a--

Simplify the following polynomial func,tioll?:

y = x
3

- 9x
2
+ 2x.+ 30

CI

1 9

vti

5`

dr:

145



a

re.

IS

a

Answir:

"" 25x'

e

150

a

v

!

w
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41.

OBJECTIVeS'19:2 A,and 19.4 A

' Az.

. 19.2 A. Determine the coordinateslik.the images o0
,Pelative to a given transformatioh and,ske ch
the points with respect SO a,new.axis and kith
respect to a rotation.

19t4'A Determlne the'equation of the images ofaconics
. relative to a given transformation and sketch
the curve -- with respectto a rotation.

N

Activities 19.2 A and 19,4 A (2 and 7 aee suggested) '

1. Your Text
. -,.

Morrill, W. K., Analytic Geometry,'ppl, 205-209
Exercises: pp. 209-210, problems 1(a, c,.e), 2(a, c, e, g)

2. Your Text and Study GuT

3. Solved problem,.

4

Schaums Outline Series: Theory and,Problems of Plane and Solid
Analytic Geometry, 67, problem 3.

,

Other Reading Sources:

Fuller, Gordon, Analytic Geometry, pl;. 85-87 (doOn to
example 2). .-

5. IndiVidual Asistanee

6. Informal group sessions

7. Lecture 7

Self-eval'ijation Ob ectives 19.2 A and 19.4 A

s.

(You may: use a trig table)

Deterinine the coordinates of the following points when

tie(axe have been rotated through 60 .

(a) (1, 4) .

(b) '(2, 6)
.1

14 7



140

A' 0

. Determine Which of the following quations must be 'rotated
in order to simplify the equation.
SimplifY that equation by rotating.the axes through the:
angle 0 =-155°.

(a.) 3x2 -3y2 - 12x + 12y

(b) x2 - 6y -1" 4x + 5 = 0

(c) x2 - 4xy y2 v,

*

152

4

411

,

.40

SI

0.

44,

'
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150

Objective 19.

Given the image of a conic, describe the.transformatijand

sketch the, imagemith respect to a rotation.

Actiyities 19.5 (b) (2 and 7 are suggested)

1. Your test:

'Morrill, W. IC, Analyt4 Geometry, pp. 210-212 (omit last

paragraph! page 212.)

Exercises: 216, problem 11 (at C, e, j and n)

2. Your text and study guide.

3. Solved problems:

Schaum's Outline Series. Theory & PrOlem of Plane & Solid

Analytic Geometry, p. 64, problem 4; page 70, problem 10.

4. Other Reading Sources:

Protter,Motrey, tiNlytic GeometrY, pp. 140.-142 (from:Middle of

'page 14,0 to middle of page 142.)

Individual Assistance,
4

6. Informal Group Sessions.

7. Le'cture 7.

Self-Evaluation: 19.5 (b)
401.

1. . Remove the xy te'rm by rotation of axes, Identify, and sketch

tile curve.

41x2 84xy 1/04y2 = 500

154
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Answer'Objective

1: Y

25 4

= 1, ellipse

.Objective,19.5 (a)

Given the image of a conic, describe the transformation and skqtch

the image with, respect to a translation Apd a rotation.

Activities 19:5 (

1. Your text:

Morrill, W. K..Analytic Geometry, pp. 212-215.

Exercises: p. 215, problems 5, 7-and 9.

2. Your text and, study guide.

.Solved Problems;

):
'As 44

Schaum's Outline,Series, Thepry & problems of Plane & Solid

AnOytic '041w4trbp.'68, p'roblem 5; p. 70, problem 9.

Other Reading Sources:

Fuller, Gordon, Analytic Geometry, pp. 88 91.

Protter-Morrey, AnalWc Geometry, pp. 142-145.

1 151
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15

411

.4

6

.t

5. Indivtdual Assistance.

6. Informal Group SeWons

7.. Lecture 7

-Se1f-Eval9atton 19.5. (a)
.41t

1. Simplify the following equation; identify, discuss and sketch

the conic.

a. I1x 24xy 4- 4y 4. 30x 4. 40y -45 = 0

4

a

A

156'

a



Answ Oblective 195 011

,2 12xl y; =

4
1 . Hyperbbla

4 s
.

,a=4, b=2, c=24T, with respect to the new axis the verOces are
(4,0) and (-1,0) the foci are (2/7, 0)°and(-2E,0). The
equation of the asymptotes are 4y"= 2x" and 4y'' = -2x' '.

1 5 ;)

1,L

rt

4

1.

\

1S 3
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Title: TRANSFORMATI6S

RatiOnale:

't A

UNIT 19

The conics you cOnsidered in Unit 18 were very special--they

were all simple conics. (Their centers, in the hyperbola, ellipse,

and-circle, and the vertex in the parabola,-were all at the origin).

When the equation of the conic is a simple equation, it is very

easy to discuss the curve and sketh the graph of the Conic,

but.unfortunately not all conics are simple conics. The methods

of handling.non-simpte.conics are introduced in this unit.
.

The-two methods introduced are called translation and rotation,.

A transltion is performed when the axis of symmetry of the non-simple

conic is parallel to the coordinate axes. (See the drawing below).

X

rotation is performed when the axis of symmetry of the non-simple

conic has been roOted through some angle and with respect to the

cooi.dinate axes, but the center or vertex remains at the origin,

re the drawing to tbe right on the following pagt).

.159

19-25

155



' I

\
..° \

Sometithes you must perform both a translation and a'rotation. (See

the drawing to the right above;) This occurs when the axisof symmetry

of the non simple conic has- been rotated and the center is not at

the. orfgin. In all the 'cases the translation, the rotation, or the

translation and rotation converts the equation of the non-simple conic

to a simple equation: Then you can use the methOds and skills df Unit

18 to 4iscuss the curve and sketch the graph.

Prerequisites:

Units 17 and 18 and objective 10.2 in Algebra and Trigrometry.
\

(Specifically that section that deals with "completing the square")

Obsiectives:

19.5 Given the image of a qpnic, describe the transformation and sketch
the image

(a) with respect to a, rotation and translation.

(b) with respect to a rotation

(c) with respect to a translation

19.4 Determine the equations of the images of conics relative to

a given transformation and sketch the curve

(a) with respect to a rotation

(b) with reivect to a translation

19.3 1Determire the simplified equations,of images of polynomial

functions relative tO a translation

1b0
1 SO

s.



104 DOermine the equltion of any conic.by appiYing the definition

of that particular conic.

Instriational Activity,:

Tas0111 :(equations of ellipse hyperbolas, and parabolas)
1

Objective 19.1

Determine the equation of any conic by applying the dlinition

of that particular conic.,

f

Read the General DefinWon of a conic on page 139 n ,your.text.

again then vamine the examp.k 5-1 on page 140. Work roblems.1 - 8

.

on page 141, problem. 1 is begun for You on the following page.

tt.

I.



1 58

'4

PrdbleM 1, page 141:

,Derive ah.equation of each of the followlbg Conics:

1 , Focus is at.(-1, 2); directrix is the lipe.x = 3,e = 1 .

III

4

Since e1, the'conic is a

and !FPI = IPDI

IFPI = ('x - (-1))2 4-0(y*- '2)2 =

IDPI=

0

1

Since IFPI =

IFPI

A

and IDP1

IDPI is

and squarip4 both ides

collectingterms

hence the equation, fs

Did you get y2 - 4y A- 8# - 4 = 0. Good! If not, check yOtvcalculations.

over again. If yOu are still havihg problks see your instructor. jklow !

1.

try problemst - 8 on 'page 141.

Task 2 (determining equation of a circle)

Read pages 103-105 and then ItIritethe definition.of a circle and the;

', mathematical stitement (equation) that is described b,'Y the definitioh.

(ise space pravided
at the top of the next p+6)21



The' mathematical'statem'ent (x h)2 k)2 = r2 is called

the equation.of the circle. Howfdoet the

. standard .equation (you ". answer above) differ from the,,simple equation?

Agairi-as with the, simple .conics in,*it 18, the cirgle whOp

equation 'I's simple has its center at the\oeidin, while the .circleI\

Whose equation is, in standard foem can have it$ center. an:I/where on the

.coordi.nate plane,

.. .\

Notice in example 4-4, page 104 in your text, you must apply

the concept of "determining the distance from a %point to a iine" to find

the radius of -the; circle. (The point is the denter of the circle;'

the'i\ine is thetangen:i. line.)

v

a

On tage 105, work problems 1 through 3, 4(a), 5(a, c), 6(a, e),

A

7(a ), 9. (Also murk any others in which you are particularly interested.)
°

Peoblem 3 is started for you to finish.

3 What is the equatfon of a _Orcle if the end ints'of the diaMeter

are (2, 3) and (-1; 5). Draw the circle.

x2
'the cente'r is the midpoint x =

+
, 0

'of diameter (see Objective 2

17.2 b)

vt

s.

163

2

a

159



- 30

radius - distance bettleun 2 points---= part 6f 01,46ctivp 17 2

Hence the equation of the circl 6 is

or

404

.(

164

4



A

()swag:.

canter,24,tWEIrcl,e or midpoint o

,7

. '0

diameter'
(1/2, r

,Ab ,--;--.

Notion of circle (x .102 4. (y 4)2 .__177

.
, ..

44 .
. . 4. 7v,

n .
`.., ...

4

13

.4440
4 ),

4,

.0

When you have finished wonk4pg,the prolpams, read the next section

on.the,general/guation of:tha,cigletpp.-.1067108., ,In order to.

, L '
4,understand the reading material .and wcielcItia:protilMS-.th this-section,

. ,, .
. -a

....--

.,, .,

you should be'able to work.ihe prObiem below:. Try it. 'If you have
. ./

4.

\
A

I.

problems, see-a.coll'age algeb a.ttxt (1dok under "completing_the
.}1 I

*.=f

tg uare")
,

, Robison, J. Vincent, -Modern Algabra-t Trigonometry

Coptains this information op. paties .22nand 221.

, 4

your instructor can help you lindmre information:on this ubject.P I)

4

.
II

Group%the x-terms together and the y-terms to ether and complète

their sguaet: 4

,

2 -f-'5x y 2y + 3.=O

19t,t31

)

7

,44

I.

4.61

its

* ,

p. 4



179- 32

.5

Answer:. 4. 5t2)2 y 1)2 = 17/4

. If you are unable to wark this problem, get.help before you continue.

If Jou .are able.to Work the problem on the previous page, (by

. completing the squares), continue with the material below':

After reading this section you should be able to list the

conditions 14Cessary in order for,an equation to be that
P
f a circle. A

rr.`r,

They are:

r 4n.

1 :6 2

4.

C.64.

166

.t/ 4'

4.

`

4



4I

0

You should have 14ted:

1. The equation,is of '2nd degree

2 02
The coefficients of x + y are equal

3. There is na xj/ term

f

Now, using your criteria, pick out the circles from tlie list below:

(a)
.2 2
x + 3y + 7x + 2y + 3 = 0

(b) x
2
+ y

2
+ 2x + 5 = 0

(c) x2 + y2 + xy + 3x 0

(d) 2x
2
+ 2y

2
+ 4x +.7y + 3 = 0

(e) 5x + lOy
2
+ 3x + 7y - 9 = 0

cr,

I.

Ne

16'?

No,

4.33

163

.
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4

.You should have picked out (b) and (d). Did yoU?

You should also be able to determine when the graph of the

circle exists..

164

.(6) '1 D E '4F.> 0, the graph of the circle exists.

(b) If D2 4. E 4F = 0, the graph of the circle is a

(c) If D2 4. E2. - 4F < 0, th6 graph of the circle is said to be

.(%. V.
'
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19-35
Answers: (b) point Ctrcle (c) imaginary.. 4

On page 108, proLlems 1 - 14, determine when the graph exists,
. -

A
when the circle is a point circle, or.imaginary circle by evaluating

0
2

+ E
2

- 4F.

Also work problems 1, -3, 5, 7, 9, 11, and 17 on page 108.

After working the problems successfully, continue to section

4-3 (Circle determined by 3 conditions). Before beginning, look at the'

top of page 109. Can you perform these operations? (Determine 0, E, and F)

,If not, review the Linear Algebra Unit Objective 14.1 (Solving

equaticis using Cramer's Rule) or see the Introduction.in this text (Morrill)

section-1-5, 1-6, and 1-7.

When you are able to solve 3 equation in 31unknowns using Cramer's

Rule, read pages 108-111. The examples 4-7 and 4-8 in your text should

be very helpful.

On page )11-112, work problms 1(a, c), 3, 4(a, c, e, f,

?roblems 1.:(a) and 4(c) are begun for you.

169
165



11 (a) Find an,equation of the dircle which passes through each of
the following points, (2, 0) (1, -3) and,(3, 1)

All three points must satisfy the equation of the circle;

x
2
4 y + Dx + Ey + F = 0

Hence fay the point:

(2, 0)

(19,-3)

(3I)

=O
1 + 9 + D,+ E + F 0.

And solvtng for the 0,, E and F:

-4 0 '1

-10 -3 1

-10 1
1

2 0: 1

1 -3' 1

3 1 1

Hence the.equation o the circle is

D E + = 0

11110-

170

Mao
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19-37
(c) rind an,equation of the circle Satisfying the given. conditions

Its center is on the' line x y + 4 m 0 and it-touches both axes.

Sina.the circle touches.both axes., the lines whose equationS
x = 0are and

.arelkangents to the
,

circle, and the coordinates of the' center of the circle must be

either (h, h) or 1

Since the center is on the line x - y + 4 m.0, then either

(h, h) or (h, -h) must'satisfy the equation.

If (h, h) is the center, then.

h - h.+ 4 = 0-or 4 = 0

(Hence (h, h) is not the center of the circle)

If (h,-h) is the center,,then

h (-h) + 4 = 0 or h = -2

(Hence the center of the circle is (h,

And the radius must be the distance from the center (-2, 2 ) to

either of the coordinate axes (x = 0 or y = 0) ,

4,

v,

Hence the equation of the circle is

4,

016

)

'
4 'a,

1,

167

;)
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**,

Self-Evaluation Objealve 19.1

Determine the equation of the ellipse with a focus.at (-

directrix x = 0, and e = /F
2

./2. Derive the e4ation of the parabola with its focus at (42,1 3and its

(/ vertex at (4, 6).

(Hint: you need some of the skills you developed ia Unit 18 to determine

the equation of the directrix)

3. Derive the equation of the locus of a point P(x, y) which moves so

that the distance from c = (3, 2) is always 4.

4. Derive the equation of the locus of a point P(x, y) the sum of

whose distance frau (3, 4) and (3, -4) is always 10. (You must

use skills .you developed in Units 17 and 18 to work this problem.)

*

168

4

1 '7



Answers:

1. x2 + 2y2 + 4x + 4y + 4 = 0
2. Equation ,of the directrix is y = 9

Equatidn of the parabola is x2, - 8X + 12y.,- 56 a 0.
3, (x - 3)2 + (y - 2)2 16

;-17

r

(

I

I 73

ter

0

39-39

169
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Instructional'Actirlity,

Task 3 (Translation of points and curves)

Objective 19.2 (b) and 19.4 .(b)

19.2 (b) Determine the coordinates of theimages of points relative'

to a gtven transformation and sketch-the points with respect
to the new axis under a translation.

19.4 (b) Determine the.equations of the images of coniCs relative to

a given transformation and sketch the curve.

Read pagé 192 - 194 in your text,.

Do the exercies below and then do the problems 1-3 on pages 194 and
195 of-your text.

1. ,Below is 'a coordinate system. Sketch a new set of coordinate Axes

with the point P (3, + 4) as the new origin. Now using'your drawing

determine the coordinates of the points Pl, P P3, P4-, and P5-

with respect to Pie new coordinate yes.

174



.:;

to,

Ansxier:

1 P
1

(-6,

P2 = (41,

P3 = (-1,

-3)

-2)

-8)

-P4 = (3, 1)

P5 = (-5,

A

n

171

-



In the drawings below, drainew sets'of coordinate axes so that the,centers

of the'conics are at the new'origin. What are ttie coordinaeS of the

new origin with respect to the original .set of axes.

Answers:

172

^
.,0

176

I

,
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Self-Evaluation Objectives 19.2 fb)Ind 19.4 (b)

I. Determine the coordinates of each,of the points P when the-axis

is'translated so the new ortgin is 0', and sketch the old and new

coordinate axet
w

(a) P = (3,2) 0' = (-3,0)

(b) P = (4,-3) 0' = (5,3)

2. Given the circle whose equation is (x 2)
2

(Y 3)
2

= 4, determine
'1 the center of the circle, and transform the equation of the circle

to a simple equation by using the center as the new origin.

I.

veftw'S,

4

t,

1.73
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.0
Answers.;

1. (a) v,;(6, 2)

(b) (-1, 76)

log

.P13,23

(19)

, I

I 1 I 1 !III y,
r. we.

Pc ill 1-5)
e I

Center -2,3). New equation x',2 4.,y'2 :4
.0

et.

a



1

01

e.

,
4 ,s14W

-

i5wctived-1 9 5, (c')

I e

y 0.
I.. '6
0.

"
)k

,

4,
a

y

1970
S.

4 .

Given the image of a conic, descrjte the

tt image with. respect Ato a translAion.

transfo om-and

'

S.

. Instructional Activity.:- Task 4 Determining the translation for a
. ,

given. conic.) , .

. Ce
,

Read pages 195-19_9 in your text. (0Mit exampte 6-1, 1::;ge 197.) II°.
..

. . .

On page 199 work. problems 3,05; 7, 8, 12, 14, and 15.. Problems 3 and

7.*

4

4

5 are started for yOu.
.

40

sImplify and dis.,cus)s.eaciroflpie 61fowilig 6quat1ons and draw its

6rap4rwilen it eitsts.

+ 492 + 72x =

.9xa + 72x

9k2 + 8x-

9

- or 9(
,

Let x =

2 '
16),+ 4(y 0. +9(16)- ipMpletc the square)

)2 + +4)2.

.

(Collect x -and y' terms)

) 0 le(remove common numerical-
..factors)

a'nd - ,
PLJJ ol

.Then the equatiOn

+ 4y'2..= 144

2 k2
+ =

36

SA ,

qow using, th'e,skil,s-and Methods you 2deve1Oved
,

and Sketch the'graph of the
+

d

becomes;

or
*

whict; the ,A2quation of atan) .

type of -co ic)44 (what

YON

;-Ontt , 4d'iscuss

*

r

'1/*

,

-pY

7

; ,

.0

17 S.



v

Si

,

0

4

4.

/
0,

'Vj

4
,

4

,
0

,

5. 4x =.8y : y2-., .. .

.

Y
2

.c011ect x and y terms)
,

\(y2, 8y 1.
) = --,4x 4.

N (complete the square)
.*I1

(y _ )2.. _4 .

..

Let'y' = x' =

The equation then bdcomes.

which is the equation of a (What tSipd of .

1 I , ,
,

. , A(
°

..,

l)se thCsilll's and methods you learned in Unit 18 to dis64$
:f

,,

4 .

. and sketch :the 'iraph, ot the parabola,. y'2' = -4x. .

1

i.

..../- , .

4.7.6

.4

/
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7

.n

After finishing.the problems on page 199., read pages 200-204

in vlbr text.

On page 205, work problems 2 (a, b, d; g, j,

Problems 2(a) and 2(0,are started f6r:you.

1947.

s, t, and w). ;

Problem-2: Find a standardoguation of each of the followiny conics
i

.and sketch each_

(a) e = 1/2, and'the vertices,are.at -3,4) and.(5,4).

" Since e .1/2 the conic is a (an)

Since the x' axiS is t4e major axis, the equatidn of the

ellipse is of thelOrm

2 -
01

7 ,
(ty k )2 4. 1

0, 42

hrle
177



- 4 8

The length of the major axis

(2a) is

Since 2a

and.ae =

= 8, then a =

I .

Since = ae = 2, then

b2 =
2

implies that

b2

The cente (h, k) = ( )

0404"0'

Hence the equation of the ellipse;

(X 7 h)2 (y k)2 = i is

a2
.

b2 1)

Pit

Answer:

4

(y 4)2 = 1

12

4.

(b) Center is at (-3, a = 4, b = 5, and foci are on

y= -1.

Since fhe conic has a center it is either a

a or an . It is not a circ]o

1 '*)h.,

178

411.

a

44)

..
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since a' b. Since b > a the conic,c

Hence'the conic is a

is of the form

nnot be an

19-49

and the equation

axii is the transverse axis.

Self-Evaluation Oblective 19.5 ,(c)

, since the

Answers: Circle, ellipse,

hyperbola, ellipse, hyPerbola.

(x
2

(y lc)
2

= 1
2

a
2

Hence the equation:

(x + h)
2

- (Y + k) 2 = 1

a
2

b
2

becomes

0( 4' (Y =1

Answers:

(x 3)2 - Cy + 152=1

. 1.6 25

Simplify & namd the Vowing equations.and skech the graph
of problem 3:

1.

2.

3.

5x
2

- 40x - 3y2 + 65'= Q

2
x + 4x - 16y + 52 = 0

9x
2

18x + 4y + 32y + 37 = 0

. ,

It

.

1 79



Answers:

1. (x 412
3 5

2. (x. + 2)2 = 16(y. -

(hyperbola)

(parabola)

1 (ellipse)

, 1 .1 I I- I

a

,A

e,
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Objectiie 19.3

Determine the simvlified equations of images of-polynomial

functions relative to a translation.

19-51

: Instruclional Activity - Taa 5 (translation of polynomial functions).

On page 197 in your text, study example Notice that the

eqUation is.a cubic and is the polynomial function f(x) = x3.- 3x2 + 2x + 2.

It is possible to find the zeros.of the function and to sketch

the graph of the function by using standard methods and skills,acquired

'in colleq: algebra (unit 9) polynomial functions) , but the polynomial

function can be simplifted by a transformation.

After studying the example you will'iinotice that there are four

step in transforming a polynomial function.

They are:,

tY-
lie1. Make a pbs,titution: x =.x + h and y = y' * k.

I
f

2. Simplify the equatiori by expanding and collecting t9rms. ..

.

C....3. Determine h and k so that one of the-coefficients and

constant term is zero.
;

.14rite the transformed equation.

Now, you try the problems below.

i. y = x
3
+ 6x

2
- 3x - 12

tth,

`

ems1.0

18 1



3
- 6x

2
+ 111 - 10

,Self-Evaluation;

Simplify the following polynomial function.

y x3 - 1(2 + 2X + 30

"..

Answer; y' 25x'

ISte;
ii
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INSTRUCTIONAL ACTIVITY,

Objectives 19.2 (a) and 19.4 (a)

Determine he coordinates of the images of points relative to

a glven transformation and sketch the points with respect to a new

ax.k, (b) with respect to.a rotation.

Determine the equation of the imac;es of conics relative to a

given transformation and sketCh ty curve, (b) with respect to a 0

rotation.

Task 6 Rotation of points and conics.

*Read pages.,,205 - 209 in your text. In the reading material

at the top of page 206 you might need to refer/to the first chapter

af your text for a review on trigonometry. Also you might wish ti

refer to page 31 in your text (the discussion on direction cosines.)

Equation 2-6 is found on page 38.

.Examples 6 9 and 6 - 10,in your text should be very helpful.

After reading the material on pages 209 - 210, work problems

1 (a,c, & e) and 2 &g). Problems 1(a) and 2(c) are started for

you.

1. Find the coordinate-s of each of the following points after

the axes ji,avebeen rotated through the given angie.

(a) (3,-1) and 0. 300

183



Solution:

x' Ye

cos 300 -sin 300 or x

y sin 300 cos 300

Hence:,

x' = [x,y] [cos 300, sin 300]

y' = [x,y] kin 300 , cos 300

x' = [3,-1] -32 ,

' 2

" Answers: -1 ,V3,
2 2

x'

1! \

2

2. Rotate the axes throught the given angle and determine what the following

equation becomes.

2
5x

2
4xy 8y = 36 and 0 = cos

* If you are confused about the notation 0 = cos vnr-

1 '3

44,



.!

refer to a te tbook on trigonometry. Look under the topic

"Inverse Trig. Functions"

Since cos 0 m,c7r7 and sin o

and

.

II

3

VIRT x

Hence the equation becomes:

5(
)2+4(

expanding and-collecting terms yields:

The simplified equation is:

y=[x1,y1

8 (

equation of a

19-55

9 .
)L44) =

which is the...1,

18.5



19-56

0.4

Before you.continue, takea minute to look at some of the

equations you have either translated or rotated. Why is it necessary

sto perform a translation on one equatiOn while -on another you pet-

form a rptation? Go back to page 199 and.look.at.the'equations

there. ''(These you translated.) Now look at the problems you

justtfinished (on rotations).

Below are some characteristics of the two types of equations.
4

Read them and pick out the ones that are characteristic of the
;

problems on page 199. 1. and . Pick out the'ones that'are

chdracteristic of theakplems on rotation. 2. and_ . Pick.
, (11/11 .

out the two that an eqUation you translate and an equation

rotate do not have in common. 3. and
Rot

(a) Equation is second degree.

(b) Equ4tion'acontains linear terms in,X and y.

(c) Equation contains a term in xy.

Answees:, 1.. a & b

1114.

186'

Yqu



Since you performed a translatlon.on the problems' On page 199

and a rotation *on the set of problems in the study .gu'ide, decide.

what you.should do to simplify the problems below. (Ans'wer with

either translate 6r rotate.) 7-
/,

a. x2 + 3x + y2 - 2y + 12 = 0
lr' .

b. 3x2 + 5y2 - 9 = 0

C.

d'. x2 .- 4y + 2 =. 0

e. 3y
2
+ xy Y 2

+ 4 =

Answers: a. translate, b. rotate, c. translate, d. translate,

e. rotate.

SELF-LIIALUATION: Objectives 19.? ( a) and 19.4 (a).

a trig. table.)

(You may use

1. Det&mine t'he coordinates of the following points when the axes

have been.rotated through 60°..

a. (1,4) b.I (2,6)

0

2. Determirie which of the following equations must be rotated ih
,

.0)"der to si lify the equation. SimOlify that equation by

rotating the axes through the angle 0 t 135°.

.a.
3x2 42

b: 2

2
c.

2 L 4x,Y

5

19-57

e'
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Instr6Ctiona1 ActiVity
^

rlask 7-(Determinim' i^otation ftW a 1'0)/6 conic.")

Objecttve 19.5 (b)

Given the image of a conic, describe the transformation and -

}/

sketch the image with respect to a i.otation.

Reed pages 210-212 (stop at last paragraph on 212): You might

wish to refer to the first chapter in your text, page.16,'or see a

trigonometry text in trig. identities.

.At the tOp of page 211 in your text, the author states, "If

sln 20 = 0, we must have B = 0. WhyAs this s'o?

Iff

'N,

To obtain equation4,46 see the drawing below.
4

Cot 2 = A 2 C

7117:

What is the length of the hypotenuse

of the trigle pictured at the left?

Herice Cos 2.0 = A C r-

tr,

B A-C)

189



19.7660

p

Why is 0 a positive acute angle if cot 2 0 and cos '2 0 have

the same sign?.

,

Answer: The only quadrants where cos 2 0

same sian is in quadrants 1 and 2

00 S.. 9 90°

and'cot 2 0 have the

Hence 0° < 2 0 < 180° and

ta

.After reading'tir materVal and study4ng examPle 6-11, try working

problem 11(a, c, e, j, and n) on pige 216. - Problem 11(a) is started for 4.

you:,

11. Remove the x y term, identify the conic, and draw the graph of

each of the following equations.

(a) xy = 2

,

cot 20

Fience 0 =. 0.

.
cos- 2 0 =

A -

P. i/73-.271. (A c)
2

tos 20. 0

cos 0, =
1,+
,i4r. 2

x'

6-)

,.,.,.... .

44

/



4.
'cv

Hencelc = , and y,=

Substituting for and y in the squat oh xy 2 the 'pZilawt4on

becomes:

or

= 2

which '.is Ithe equation of a(an)

x' +' y'

Answers':. 0 450, x '=
*
yo., . i )pt. 2 betomes

.

ic/- Nri.

I(: -!...:.:4,)((xi .4' Y' )

,

or )02 - y '
2

4 which is

,

VT I4

'the ftquat;ion of a hyperbota,'
4.



1'4) -62
I.

w,

Oblective 19.5 (a)

Given the limage.of a conic., descrjbe the transformation and

sketch the image witli.r.espeet to a translatlion and a rotation..

InstruCtional Pictivity

task (Describing-a.' TianO'drtiati.on)--
,

..t

Read pages 212 (laSt paragraph) through 215- itoot'ir 'text.
-,2

. After readings pages. 212-21 you4hould be able to

answer the following questions:

I

41°

It is necessary to trarislate And to; rotate the axes in
order to obtain the equation it itssimplest fdrm when both

terms and.e.the d/or / terms
.

. *
appear'in the equation:

a

2. In order to determine the or Of tranformation (trans%
4

'late and then rotate, or rotat and then translate) yo'u,
should evaluate

3. 'If the value of the answer toproblem .2 above is zero',
you the axes and el imihate the xy term

*.
before translating.

tt't equation, the angle 0 through*which the
. ,

axes should 136 rotated to eliminate.the xy term-is
,:t

,



4

AnSwers:,

xy, x and/or y

2. 4AC

3. .rOtate

4 45°

Now work problems 5, 7, & on page 215,.

Problem 5 is begun fdr you.

Simplify and discuss each of the following equait o and draW

the,graph.

5 24xy - 7x1/P- 120; - 444 = 0 OR
. (

Since.4AC - B2 # 0, you should

120 24

-14 24

24 '0

-14 1.20

24 o,'

.

-14 . Neo

24 48

,

-7x 2
24xy 120x - 144

o=
(24)2

24 (120)

(24)2

the a es first.

a

k

1.1



,

,,

After transTation of the axes to the point 0, -5),as anew

origin, the given:equation becomes -7(x' + 0)2'4- 24(x.' +a0)"(y'',.:. 5),
,

-120(x'-+ 0) - 144 =' 0 which reduces to

Next rotate,the, axes to ejiminate the x'yt term..

Co:t 2 0 = A. - C

13-

Cos 2 0 = A

sin 0 =11 cos 2
2

sinr 0=

4-

c

cgs 2
os 0 2

cos =

Check at this point to see if yOur answers for sin 0 and ,cos

are feasible by using the identity. sin 20. + cos 2 0=-1.

x"

Y'

,ahd x"

yll

The new equation becomes:

,

Rewr4ing the 'equation 4stmple...form you have
I

.

The cote is.a(4n)
. Now-use theiskills

,
4 ,

and methods you acquired iil unit,18 to discuss and iketch the cur e,

. .sr.,. ....

A

1

198

.
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A

06.

19-6 5

a

p, I

Answerk translate, h=0, k=-5, after (transgatiati the equation reduces
7 3

'2
to -7)0 + 24)(Ly (- 144 =4 0, 2 =4°3. , cos = -5-

4 .

sin 0 = Vx' = 13x--- 4y" , yl.. ix" + 3y", the now equation
5 5

becomes -7 (3x"' - 4y")2 + 24 (3x" -.4y" )(4x" + 3y"). -144 = 0
5 5 5

Writing the equation in simple form you jlave., x"2 n2
J

16 9
which is the equation of a Ilyperbola.

Self-Evaluation Objective 19.5 1 )

Simplify the following equIpon and identify and discuss and

sketch the conic.-

-
a. 11x

2
- 24xy + 4y

2
+ 30x + 40 k 45 0

t

kb



A

41,

A

N.

41.1s11.2r Objective 19 5 ja)

'12
.

1 . Hyperbola'16 4
'Es

a=4, b=2, c=2IT, with respect to the new axis-the vertices are
(4,0) eld (-4,0) the foci.are (2X 0) and(-21,0). The
equation of the asymptotes are 2x" and 4y -2x".

4

445

A

;



Unit 20---Polar'Coordthates

The rectangular coordinate system, based on a grid composed of
two.mutually perpendicylar lines in a 'plane, is .the most common

.coordinate system. It is not however, the only coordinate system nor
ii it t4-be'st'S.3/stéili'fdreVeiirprobltM.

* In this unit'we will take a look at anóther s e6m, the bolar
coordinate system. The polar coordinate system is based on A grid
composed Of a system of concentric circleS_and a system of rays
radiating from the( common center of the concentric circles.

Jhe common center,..ca,lled the pole, anda fixed ray, cal,led the
polar axis, is the frame of reference for this system. The polar
coordinates of a point,P are written as an ordered pair (p,11p,wb.orre
p is the polar distaoce (The distance from the,pole to the 'Wnt P)
.and 0 is a measure of the polar angle (located%by rotating a ra/ about-
the pole, from the polar axis in4either direc.tion and terminating
the rotation in a position uch *that the ray contatns the poi4 P.

A -,
. IN

1 i
f . .

Objectives: J

20.4 Find the coordinates.do-fhe intersection of tub polar equations.
,

20.3 Graph a polar equation and name the curve among (rpiral rose,

limacon, conic, lemniscate),

20,2 ',transform rectangular equations to polar' equations and transform

,

polar'equationp to rectangular'

20:1 Tranffform the coordinates. of a p6ini,in'pc*,tr form toTactangular
,

form'aqd;ftom rectangular form to polar'fOrm,
. .



1

Prerequi si tes

Units 17, 18, & 19

'Proeedural Option%

The procedural- options'for Unit AO are the ,s.ame as for Unita,

You shlould begin with objective.20.0 and then go Ito"20.2,

20.3, an.d.20.4. in "tha
;

Unit Activities

Lecturs Wand 9

rd'er.

r

The lectures eler this unit will have the following outline:

Lecture 8 Transforming equatidne

1. Transforming coordinatet

(a) from Polar to rectangular form

(b) from rctangu*lar 'tto polar. form

2. TransTorming equations

(a) from polar to rectangular form ,

) from" rectangular to polar form

Lecture. 9 'Graphingt.pol ar equattOns
00- ,

1.. How to ,graph polar equations

Notice objectives 20.1 and 20.2 are covered in lecture, 8 and objective

20.3 i5 cove'red in lecture 9.,

a Objective 20,1

,

Tratisfonn the &coordinates of a point in6 polar form: to'rectangular form -

aftd from rectangular form. to polar form.

'Instructional Actiyities 20.1

1. Your text

8

.0

e

Merrill W. K. Analytic Geometry, pp. 228-232.,



T,

IP

l

64rcises: p. 230, probleMs 1, and 2 & n)

Your text and Study Guide

Other Reading Sources

Fuller, Gordon, Analytic Geometry., pp.:118-122: (down to example 3 )

e

'N-otter-Morrey, Analytic Geometry pp. 1.80-181-er

Individual AsS'istance
,

. .Informal Group Sessions'

Lecture 8.

4

Self7Evaluation:

1. Convert the,following poin s from cartesian to polar,coordinates:

(a)

,(b) (0, 3)

4- 4

(

Convert the following points from polar eoordinates to
cartesian coordinates:

,(a) r(-2, 60(1) ).

.

(b) (3: e)

c:t

N./

r?-

203'.

4

4

A.

c-

Ar

4. t.

!)

i
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Answers
*

1.- (a U8 ,745' )

2. ..(.a).

44,e

I.

I.

' 4
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,

-, ,ObjeCaye 20.2,,

: ..... . ...,

fransfor, M et ctanOW equations to 'polIi',qquationuAnd
. tran§form polar equatiOn5 to r'ectriagular'form.

0)

141stiucV1onal ..Acti.vi ties

1. YOCir `Text

Morri 1 1 , W. Ge'ometry, ittp. 232- 234
.4xerci5es,10. 234 ,'protilems-1 and. 2 )

Your Text and:Study Guide

Solved Problems

.1

,

Schaurif's Outline Series, Theory. and Problems of Plane and Solid
Ana.lytic. Geometry, pp. /6- problem 13, 14, IS-,

. 4 1 Other Reading Sources

Prchter-Morrey, Analytic Geometry, pfr. 187-188'.

57. ;Individual Assistance

(10 6. InfOrMal. Group, Sessions -

,

7. Lecture 8

Self-Eval ation.Ob ective 20.2

1. T ansforM the following_mattons'to_rectangular form

(a) p2 Ain .20 =16.

'-(b) p2 th 4 tin 20

transform the,folTowing equationso polar form.

(a) 2xy. .8

(b) x2 y2 2x O.

H

11, I
4.

.

4.

4,44

)

.444

-1 -.

4O'

`

a.

4



r

a

4
, \

'

A swers 0bjq(20.2

(a) 4`xy .16

2. (a) p2'sin 20 =13

*

,

a

114

r..

4"

.(b) 'X/ =.8q

(b) p a 2 cos''O

1

4.

Pt

"

-206,

'V

%
, .

otl^ 4*

'

,



.49bj!qtYA f3f
# 4

Gi"aph a pOlar ecluktion and name the orve among (sptral iose,

limacon, conic lemniscate)

Instructipnal At ti v i ti es

1. Your Text

,

Morrill, W, K., Analyic Geometry, pp. 234-253 /

Exercises, pp. 236, problems: .1, 4., 7, 10, 13, 16, 19, 22, 8425

P 238, problems: 1(a, b), 2(a , c), c, e),
6(a. c, e), 6(a, t, e,)

pp. 247-248, problems: 1(a, c, e, g,,j, p), 2(a, c,e, g,
k, m, o,.q)

p. 251,°problems: 1.(a,'0, 2(a, c,e)

YOur Text and 5tudy Guide

Solved Problems

Schaums Outline Series: Theory and Problems of Plane and Solid
Ana1ytic Geometry, pp. 74-80, pro6tens, 7, 8, 12, 21, 2,
23, 24, 25, and 26.

Other Reading SoUrces

Protter-Morrey, AnalYtic Geometry, pp. 182-1867
Ful 1 er4, Gordon, Analytic 6eometry, pp. )26-133

( .

5, Indivicbal. Assistance ('

6. Informal,Group Sessions

.7. LectOre 9

Self-evlauatlon Objective, 20.3

1. Gratih and name tile curve p2 = 4 Slin 2 O.

4.

.t.
. L.:t4 .

207

4.



AnA .elts Objective, 20.3
.

A-
6

'fnt.drcepts`
r

0 90° .180° . 270°

q4;;.,..,

0 0

,

Symmetry:

,Since the exponent of p is even, the curve is symmetilc jith

respect to Ale pole.

/I
tExtent:

. sin 2 0 1 and sin 2.0 = 1 when 0 = 45

p is imaginary when si.n'2 0 is negative

-Plotting:

Hence, the curve lies in quadrants I and II
A

0 On 30 *45°

0 1.9 . 2

00° 90
o

1.9 0

*

4-

k

M11.



: Nective 20.

4 '

4#1.

'y

, ,A

rind the coordinattes of ttie .intersection of two polar,

equations.

Ins tructi onal Acti vi tips

1. Your.T.ext

..

Morrill, W. K., Analytic Geometry , pp 253 2
Exercises, p: 258, problems 1, 3, 5, 7,9, 1

20.. Your Text rand th4! Study Guide

3., Indivi,dual Assistance

4. Informal Group Sessions

-400

Self-Evaluation Objective 20.4
4

4

1. Find the points of intersection o

p = sin and sp =

1.1

I(

I

09
I,

I.

17.

4...
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ft

Answers' '.

f
A

1 t.

t

1,

1. (7F- "0

f:T

I.

'4'

it)

./

.?

Ia

II

A*

and 4e pole,
* not unique

I.

IC

*

o

y

-
Qfr

.
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.ST GUIDE

Unit 20--AOlar Coordinates

. Rationale:

ii

The-rectangular coordin te system, based on a,grid compoSed'of
two mutuallyjerpendictilar lines in aplane, is Ow most commOn,

'.44.pordinate system. ft is n tJlowever, the only coordinate system, nor
is it the best system for very, problem.

. In this unit we will
coordinate system. The p
composed of a system of
radiating from the commo

The common center
polar axis, is the fra
coordinates of a point
p is the polar distanc
,and 0 is a measure of
the pole, from the po
the rotation in a To i

OVectives:

ta e a loo* at-another system, the polar
l.r coordinate system is based oh a grid

on entric cimles and a system of rays
enter of the concentric circles,

c led the pole, and a-fixed ray, callethe
e if. reference for this system. The Polar
P re writtn as an ordered pair (p, 0), where'
( he distance from the pole to the 1)04 P)

th polar angle (located by rotating a ray about
ar axis in eithei" direction and terminating
ti n such that.the ray contains the point P.

20.3 Graph d:poar,e uation and name

limacon, Ucnb, leminf,4640). 1.

: '

eectionof --twopatarequat:torts;..
;

roSe,

PA2 TrOoldfok ctangular i!quations to polar equatiOnS and transform

.pplqr equa tons to rectangular form.

20.2 Pransform,he'cbordinates of a. point in-polar form

form and fom rectangular form to.polar form.

a,

2.1

to rectangular



6.
instructional ActiN,ip'es: ..,,,,....

" dbjective 20,1 .., 4
A

1 Transform the coordinates.,of a/point in polar form sto rectuangular,

fOrm and from rectangular form to polar form.'

Task 1. (Plotting Polar CoOrdinates)

Read pages 228-230 in your text.

. After reading the'pages (228230), work exercises 1 and 2 below and
A

workproblems 1 and 2(a, c, e, g, .1, and n) on page 230.

Exercise 1.

Befow is a set of figurp (a-f) and a set of coordinates (set A). Pick

out all the. coordinates (from set A) that name the giyenipOint-in

each figure (a-f). NOTE: Each'mark = 15°,

A = ((4, 150), (0, 9),, (2,,-30°), (4, 30/, (-4, 600) (2, 300),

(4, -135°), (-2, -150°), -150°),.(2, 10°) , (-2, 150),

(2, -220), (74,\45°), (4, -345°) (4, -120°)

(a) / ,(b) / (c)
N \

/

1

NN.

1

..

..

/

(d)



-Exercise 2.

Plot the following polar coordinates on the poiar coordinate system
,
.Pfurnished berow:

6

(a) (3, -60g)

(e) (4, 41)

, 04

(b) (2, w) (c) (5, 00)

'(f): (-3, -300°) (g) (0,

\ .

7491/4

r

*4-e

'4- 4

(d) (-6, -309)

759) .(h) 0°

or



0

*.A

.

4

Answers

Exercise 1.

(?k 30),

cc) (2, 105),

(e) (2, =300),,(-2, 150°):

.7 V

(-2, :150°) I (b) (-4, 45°),. (4,

(2,, -32°). (d) (74, 60°), (4,

Exergise 2.

-1350)

-120°)

(0. (4, le), (-4, -1'75°),% (4, -345°)

Task 2, (Converting Polar Coordimites to Cartesian)

Read pages 230-232 (down to Ex.:7.:3)

.(You will need.a trig table for the exerciie in this tilsk.)
1

Work Exercises 1 and 2 b6low.'

4

214
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Exercise 1..

Convert the following cartesian coordinates to polar coordinates.

34- 3(a) (3, 3) .

VS. 1
4t)i (-.2, -2) ,(c) (d) (r , 7)

( e )

Exercise 2%

Convert the following polar coordinates to _ca36sian coordinates.

(a) (3, 1800). 3b) .(2 600) (c) (4, 900) (d) (-2, 2100),

(-S,

/3wers,

Exercise 1.

(a) (3I2", 45°) OA

(e) 0, 240°)

Exercise 2.

(a) (-3, 0)

1

(12%/2, 225°) (c) (1 -30° ) (d) (3, 120°)

(answers not unique)

/T) (c) (0, 4 ) ) (73-, 1) . (e) (-41,

)

4

#.

;

6

t.

p.

I.

I

4



,
Self;Evaluitioh ObjecVcr. 20.1

1. C nve ,t the following points' from cartesian coordthates to polar -

rdinates:

(a) (44., -414) (b),

Convert the 'following point from polar

coordinates:

(a ) (-2 , -600

V.

-

(b )

4.

coordthates to cartesian

45o)

\

%-

,,

\

.4



Answers :. .

1 1. (a): -450)*.

,

2, (a) 0 (b) ( ,
2 2

(b) (â, 906

f,

se

V

,

21 '?

r

*no/ unique

1/7

4

a

1
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Objective. 20.2'

,Transfor4rectangular equations'6lar eqtrations and_ transform
polar equations to. rectangular form.

Instructional Activities.

Task 3 (Transforming,rectangular equations to polar'eApations.)

. o'
rw'e

'

. .

4)

Read page 232 (Example .7-3) in your text. Also at.the top ,o.f, cage 233

.
.

is anoth67 example (part 2 ofiaxample 7-4).
11P4

Notice that to transform a rectangular equation to a.polar equa ion,
you have several approaches. 4

0

First you.know that:

p cos 0 and y =

Also you know that p = Y2.

y = p sin 0

.....
4.

ea.

'Vs

You also have- all of.the skills you acquired in college algebra and
trigOnométry available to you in order to help'you stmplify thd equation:.

v.

In thts set of problems practice is the best teacher.

On page 234 work all of the exercises ip problem 1, problems,() and (c)
are begun for you. ;

4. Transform each of the following equattons to polar coordinates.
,

a. x- + y2 = 16"

Since p ±Vx 2 y
2

4

't

p = ± (x y )

Hen0 x2 + y2 16 becomes

c.

2 4

Since x = p cps,.O. and y

.2 2
y - x 4 becomes

and simplifying yields
OO

S. e
2 2

p cos =

2



tr

2I
Answers: Or p = 4 or p -4, p sin 0 ..= 6, .(c) p?cos 2e

2"..
(d) p

2-2p
cos 0+3sin 0 = 6 (e) p

2
(cos e ± 1) = 16.`

(f) p
2
sin,

2
et = tl ap cos 0(9)

1 96,

,1

ft

I AI

p2 cos20 - 32p .sin 0 - 32p ir 0 - 256 ='

.1-ask 2 (Transforming from' polar equations to rectangulSr equations.

Read pages 232-234 (b4in with Example 7-4). On page 234, the last paragraph
in section 7-3 is very important - read it carefullye

Now work"all of problem 2.' (a) and (g) ,are begun for yOti.

Transform each qf the follbwing equations to cartesian coordinates.

la) p si n e = 4
kc,

'Since p sinO = y

p sin, 0 = 4 becomes, .

(g), p = 3 cos 2 0
'

p
2

(p = 3 cos 20 )

p3 3p2 cos' 2'

5ince cos VO eCOS2 ° sin
2

0 the equation hemlines

219 tr. a



er

s,

A

. ,

3 2y

or p
3

=a ,

I;

substituting x
2

and y2
,

yields p3 = .,

Now sqUaring both 'ides ..,,,

. -

., yields (p3)2 = (

)2..

or p6.,.

SubstiAting for.
2

yields-

Now you must verify that your answer (x2 + y213 = '9( 2

be converted .from rectangular fbrm to polar form..

.
Answers: 2 (a) y - 4 .(b) x2 .y2 -= (c) x + y2 = -15 (d) 2y = x

x2,+ y2. (f) (x2 ' y2)3 9(x2 y2,)

3x2.- y2 + 12x- .)-s- 9 = 0 .(h) 4x2 4- v2

y2y2
can

'-1/

Self.-Evaluation: Objective 20.2

1. Transform the followi'ng equations to rectangular form.

(ii) p2 sin 20 = 16

(b) p
2
= 4 tan 2 0

Transforrt the fdlclowitg equations to polar

P.* = 8

(b) x2. y2 - 2x = 0

.221.).

(2y x2 4. y2)2,

Or

'6

2,

VIO,A



'1

4

to,



4.4

.22

\I:NST'RUCTIONAL ACTIVItrES:

Objective

4 Graph a Polar equation and name

coni c, lemniscate).

the curve among (spirals rose, limacon,

16, 19, 22 and 25 on

_Task 4: Polar (Equations of the line and circle).

Read pages 234-236 and workproblems 1, 4, 7, 10, ;
a

page 236.

Problems 1 and 4 are begun, for yoU.
c.

Identity the locus of each of the following equatiOns, draw its graph, and

transform to cartesian coordinates.

1. p sin 0 = -4 ',is a horizontal 'line through' (-4_,.§0_°__)_

Sketch the gra0 tvicie space provided below:

V.

p sin 0 = -4

Since p sine .

t

*4;

op sin e=, -4 becomes

4 . p cos 0 + 45)6 ,g -2

(T.

Since a = 450 the normal axis makes

ant)angle of 45`)yrith thepositive x-axis

and the normal intercept p * -2. Sketch

the, normal axis and the line in the space

provided at the left.

9 ,*) .1

_



p cos (p, 45)()

expanding.yields

p coSo cos 45° '4- p sin o,sin 450 = -2

.

Since p c6so = and p e

the equation becomes

;
t .14'4

SO

After workIng the problems'on page.b6, read pages 236-238 and work problems

1 (a and b), 2(a and:c), 3, 4(a, c & e ), 5(a,c, & e), and. &

Problem 6(a) is 6egun-for you.

6. Find the coAter and radiu of each of the following:circles and draw its

graph.

(a).

p = 3 cos .8 - 2 sin o

p
2
= 3p cos o- 2p sin o (multiplying both sides of the equation by p).

Since p coso = , p sin o = and p2

the 'equition becomes
4-0

W,4.Answers: x, y, x2
2 y2

3x - 2yv,

Hence the center can be located by completing the 'square.

2(x 3x ) + (y2- + 2y )

The center is and'the radius is

Answer: .Cehter (3/2, 1), radius (13/4).

. r
ft

After,finiihi,ng the problem4s on page.238, read pages 239-247. On page:247

and 248, you will find a set ofproblems. Pick out and.work several projflems

223



4.

from problem 1 ond several from problem 2. In prob1em'2? you should'pick

out one each of the circle, line, cardioid, limacon,,rosb, a conic,..and spiral.

e.

.6amples 7211,. 7-12, and 7-13 in your text Should be liery helpfUl,to you.

Notice that problem (g).p = ab cos 0 is example 7-11 When 1 and b ..2.

Probler 2 4 sin 20 is-example 7-12 when a2"= 4, and problem (m)..

p 7 is .example 7-13 when k.-T-'2 and a =
4 ± a 'cos 0

After finishing the problems oft pages 247 and 248 read pages 249-251. On-Page

'251 work pralems 1 (a,& c), 2 (a, c, e, & g), 3(a, c, e, & g) and 4(a, c,,& e).

,Example 7-4-should be helpful to you.

Self.:Evaluatfon Objective.20.3.

1. Graph and name-the curve p2 - 4 sin 2 0

4

.1

.4

,



,
Answers: Ob ec 20.3

Intercepts

90° 180° 270°

0

Symmetry:
.

Since the deXponent of p i4 even, the curve is symmetric wie

25

rqspect to the pole.

Ext
.

ent: sin 2 G k 1 and sin 2 9 = 1 Mien 0 = 450

p is imaginary when sins? 0 is negative

Hence, the curve lies in quadrants I and III

4

Plotting:

c

. 30g

1.9

45°

2

A 60°

*1

1.9

90

0

/

I.

22,

4
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26

'Find the cOordinates of the jntersectim of two polar equations.

,Activities
,

Task 5 (Determining intOsection of polar equations)

Read pages 253-255 (Stop at EximP After,reading,this,material

you should be able to answer the following questions:

e '
,

1, To find all the points of intersection of 2, curves there are three,
L

thin'gs to do. ,They are:

(a). Determine if the pole lies on both 6rves by 5olving

the Aequations' f(0, 0) 6dg( ) ,= 0.separately.

10'

Jf one or the other of the equations has no real solution,

.the pole doesn't lie on the curve:

(b) Solve the equations f(p, 0) = 0 and g(
) = q

(c) Solve the equations f(P, 0) = 0 and

2. In Example 7-16, why is a sin 21<n) = a sin 0?

3. In Example 7-16 (middle of page 255) why On :(0 (2IC4. 1)

a sin 0?

e.

Answers:

1,1,

2.

(a) (0, 0) (b) (p, 0 +.2k0 (c)
;

Since k it an integer, thg angle c0

I 40

g(-0, (2k.+ 1) 11 * '0
\

21(n) becomes (0, 0.)i
,

(0 4 20 t (9 40, and (0,461T) for the vh.luis Of k '6 0, 1, 2,

arlp 3 respectively. Hence: sin .(9 2k0 ft sin 0 I

Likewise, the' angle (9 (2k 1) IT) becomes (0 0, :(9 3n),

.(9 4.)5n), (9 + in) and c(0 + 90 for the values k' A 2, 3,

1".

A



and 4, resOectively. Hence: a sin (9+ (2k 4. 1)

- a sin (9 4- (2k 4- 11-u) = - (-a sin 9) a sin 0.
,

NoW read Teges 255.L258,

In studying the table et the top of page 257, -you ihould notice

A
that the'5,th column, p = 7 g is foUnd by using the value obtained

' for 9 4- 2kir in the fourth coldmn. Hence foric = 1, p = u - 0 becomes

IT

2-

dba

= - a sin 9 and

p = 71

After reading_thesedpages, work problems-1,

on page 258. .Probtem. 1 is begun for you.

9,'and 11

Find the coordinates of all, points common .to.each of the following

pairs'of arves.

1. p = 3 cos 0 2. p = 3 sin 0

Checking to see if the pole is common to both curves:

0 = 3 cos 9 0 3 sin 9

cos 9 = O.

=

Hence the pole is, is not) a poicat of intersection.

Pow let f(p, 9) =-p = 3 cos 9 and g(p, 9) =x

4

Using the.first,pair ofisimultaneous equations

=p 3 sir') (0 4. 2kv)

Simplifying yieldsr

Hence 0

O'

4

and

rt,

227
... . .

4



28 ..
r*

e

Substituting these values bf 9'in the eqUation,p = 3 cos 9 yields

I.
and p=

Hence another point of intersection is or

.,NOTE: Answers above should be the same point.

k
Using the second pair of simultanebus equations:

, .

yields

and agin tan 9 =

Answers:,

'2

94. $ , 9 = 0, is, g(p, 9

pztan 0 = 1, T auA T ,Sit

3/-2- 5r -3/2-
(-Tr, (--4-; ),

,

hence there. are nd new-points of intersection.

-3sing p cos 0, p - 3 sin 9,r

3/2-
p a

31/2- "

2

. k
p - 3 cos 9 = p + 3 sin + {2k + l}'iy)

sin Cs -or -3 cos 6:. -3 sin 9 , yields.tan 9 :=.1

SeFf4valuation Objective.20./f
. .

,

1. Find,6e pdints of intersution of



4.

, Answers:

450 )

r

I !.

^t

and the pole.

V

229

A

.11

* not unique

-

dt

. 29

).

41:
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Udit 21- Analytics

Rationale: 4 )
Assume Ou ore the pilot an airplane, and you wish to locsate yolUri

<position with respect to a certain city. How would you describe that position?
You could say you. were so many miles north, east, south, or west (or any'
compass direction) from that city. That still would not acklquatelY.dessribe
ybur position since you might be at a 100 Fti ltitute or on the ground. Therefor'e

you must also add an altitude reading to your posAtion.

A
As you see there are some eases where a "plane" coordinate system ,

(a system of 2 mutually perpendicular lines) is not sufficient. Therefore,

.., this udit will deal with problems in 3-space.

Objectives:

21.6 Give sufficient &onditiohe'to describe three Rlanes, determine:
1. ,t e equation., of the planes

2. the. solution (and describe if unique, a tine, or coplanar)
3. the istance frqm a point to any of the planes
4. the sine of the angle formed by two ptane$

21.5 Given suffi "mit conditions Ao describe a,line in three owe,

'determine
the equation pf the line in any requestedform.

21.4 Determine the eq ation of a plane and sketch the plane
1. given three c itions .

2. 'given the inter pt form ,

,

3. given the geera orm ax + by +n A + 4 . 0

21.3 Perform the following op ations on space vecpors. n

1. 'alternating or triple calar product /

1

2. vecteo or cross product
3. determine the cosinq of t e angle between.2 vectors
4. dot product
S. - addition .

4, scalar multiplication

21.2 Dttermine the direction.coainee of a reoted kind segment in .44;;12e

apace andithe direction coeinee of a ep ce vector:
# '

21.1 atcAl ordered triplee with ita graphic re eeenta$ion'in thied apace.

.:
227

11



A
:- *.

Prerequisites

units 17,, 18, & 19

Procedural,Options

The procedural option,for. unit 21 As the 4116 as for
Alhierarchy for the objectives in unit 21 isfiroVided,

Unit Activities

Leciures 16, 11, & 12
The lectures over this unit will have the

Lecture 10. The Space Vect&
1. Definition

7
,the previous unitS.'

beloW.

following outline.

2. Determining magnitude and direction cosines and cosine
, .angle,between 2 vecotrs.

3, Operations
a. addition
b., scalar multipTicatfon

. c. dot product
d. vector product
e. triple-scalar product

Lecture,11 The'Plane
1. Equation of a plane

'16 a. general fok
b.', intercept form

e

2. Determinino equations
a. given 3 conditions

3. DiStance from a point to a, plane

Lecture 12 The Straight Line, in Space
1. Equations of,a line fn space

1. parametric
2. symmetric .

j. general equationt. ,

231

/ -

of

,

_

,



Objective 21:1

Match ordered triples with its graphic representation in threg space

A

InstruCtional Activities

41

J

a

1. Your text

Morrill, W.d K, Analytic. Geometry,,pp. 297-298

2. Your text and Study guide

3. Other Teading sources

ProtteF-Morrey, Analytic Geomet6/, pp. 194:195

Murdoch, David C Analytic Geometry, pp. 19-20.

Fuller, Gordon, Analytic Geometry, pp...1p6-167.
4 ,

4. jndividual Assistance'

5. InforMal Group Sessions

6. Lecture 10

23,2* 4.

4

4

991-

4/

.4



sat alf-Eyaluation' 00cct1013

1. Match 'each graptlio representation bel9w with itsAwdered trtple.
Choose your aniwersjrbm.the set of ordered triplOs proirlded .

a.

ft'

b.

Cr,

.10

A

It (

d.

e.

f.

A

'Choose your answees from this set., flotice not every ordered riple:

has,a graphic i-epresentation shown above.

(2,-3,1), (0,3,4,), (1,1,-2), (3,-2,-2), (-1,0,2) (0,0,1

(4,2,-3) '1-3,-1,-2) (2,-2,1) (3,1,1)

230

2, ,
4'

4.

A

.J

1.4



r

Answers Object) ves 21 .1

.(a) 3, 4,) (13,,,) (3; -2,, (c), (0,

(e) (2, -2, 1) (3 1, 1) ,

!'*

,

101,

0, 1), (d) (-3, - 1

a

1

-2

4.



Objectiye 21.2

Determine the directionicosines of a directed line segment in three space and
the direction cosines of a space vector.

Instructional Activities

1. Your text

Morrill, W.K. Apalytic Geometny, pp. 298-304, -pp. 305, 3p6 (lst.paragraph),
307 (last paragraph) and 308.

4
Exercises: p. 300 problems 9, 10, and lla

PP. 304-305 problems 1 (a and c), 3,5 (a and c ), 6, 9, 12, and 13.
p. 38 probleh 10

e

Your text and Study Guide

\1/4

Solved Problems
Schaum's Outline Series, Theor and Problems of Plane and Solid Anal tic
Geometry, pp. 1106-107,pro ems

v;

44., Other Reading Sources

Protter-Morrey, Analytic Geometry,pp. 198-200

5.

6.

14,Individual Assistance

Informal.Group Sessions

7. 'recture 10

Sel f. Evaluation

1. Dete

t.

232

ine the direction cosines of a directed line segment from P
1

to
2
where:

(a) P1 = (1,3,4) and.P2 = (-3, -1, 0)

(b) P1 .= (0,4,-2) and P2 =

Determine the length and the direction,cosines of the following vectors.

(a) u = 1-1, 0, 3]

(b) v = r 2, 3, -1]

(c) w O, 3]

235

ee:



vt,

,o

Answe'rs: Ob:jectivq 21.2

1. .(a) t = -1 = -1

(4) t 3 m s -6 n = 1
6

46; /4r / 46

(a') lu I =45 t
/1-67

(a) = 2

(c) IwI3 L 0

' - 2i-7

n = -1

t

e-

,

tht

tr-

= 0 vi = 3

3 n ='
/ 14

= 0 . n= 1

1

r'



Objective 21.3

Perform the following operations on spice vectors:

1. Alternating or triple scalar product.
2. Vector or cross peoduct
3. Determine the cosine of the angle between 2 vectors.
4. Dot product
S. Addition
6. Scalar multiplication-,

Instructional Activities

1. Your text
Morrill, W.

Exercises,

1.

71

K. , Analytic qeometry pp. 306-312, 323-326

p. 308, problems 3 (a,c, and e), 4 ( and c),'. 5, 6, 7, 8', and 9

Pt 312. problems 1, 2a, 3 (a and d), 4a, 6, 9, and 10
pp. 326-327, problems 1, 3, 5 (a), 6 and 7.

2. Your text thid Stpdy Guide

3, Solved Problems
Schaum's Outline Series, Theory and Problems of Plane and Solid Analytic
Geometry, pp. 107 problem' -5, 7, 8, and 9

4. Other Reading SoUrces
----?Murdoch, David C. Analytic Geometry, pp. 74-79.

5. Individual Assistence

6. Informal Group Sessions'

7. Lecture 10,

/

Self Evaltlation

1. Given the'following vectors, u = [1,0,-4], v
find:

- 6

.ttT cosine of the angle 0 between u and

V.

2v 4. 3 u

v x w ,

117 (v x w)
.a'vector perpendicular to v x w.

23V
234

V.

5,73], and W.= [-1, 3,-5]

1,

ket



Answes: Objective 21.3 ,

1v, la)* cos 0 * 14

04
I1:7

(b) y.w. = 19

(c) 2v 4. 3u = [12,20,-18]

(d) v X w = [-16, 13,11]

(e) u (v x w) = -60

(f) w or v

--1

238

;

z

a

235



Objective 21.4

DeterMine the equation of 0 p1ane_461sketch th
1.- given three conditions. .)
2. giVen.the intecept form
3. given the genehl form.ax 4. by 4- oz'4.

Instructional Activities-
,

1. Your text

plane

411.

k,e I .1;

Morrill, W. K., Analytic GeOMetry, pp. 3187323.

y

Exercises, p..320, problems 2,4,6(a & c), 7(a,c, & e)

8(ac, & e), 9,11,13,15, and 16(a)
P. 322, problems 1,2, and 3(a.& c of each)

p. 323, problems 1(a & c) & 2(a & c)

Your text,and Study Gufde

3. Solved Problems

Schaum's Outline S ries, Theory and Problems of.Plancand Solid
'Analytic Geometry; up. 1167:119.

'problems 1,2,3,412 & 15.

Other Reading So rceS
.

Protter - Morrey Analytic Geometry, pp. 2087210.,

Murdoch, David C.,'Analytic Geometry, pp. 87r90. ,

5. Indivtdual Assistance,

Informal. Group Session

7. Lecture 11

c

Self-EvalUation hjective 21.4

1. Given the equation 3x - 2y 4. z - 7 0.write the,equation in the
S[

intercept form and find the iraterceptio. How sketch the,plane using
146"the intercepts as an aid.

2. Determine the equation pf the plane that satisfies the following ,

'conditions..

L-
236

239 .



(a) Find the equation,of the plane through the point (-3, 5,

perpendi6lar to a line with directi,01 numbers,4, 1, -3

( ), Find the equatiton of the plane thdigh the points (0, 0, 0),*

(1, 1, -1), (0, 2, 1)

et

r.

a.

w

. 4 257

7
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Answers;

72)1.

I)

4,

4

is 1 x intercept w 7/3

y intercept 7/2

z intercept se 7

,

2. (a) 4x + y - 3z + = 9

23.8

(b) 3x - y + 2z g.

4.

.0

44
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21 13

-Objective 21.5'

Given sufficient conditions to describe a line in three sOaCe, determine

the 'equation of the line in any required form.
;

4

Instructional Activities
-

1. Your text

lolorri411, W. 1., Analytic Geometry, pp 338-344.

Exercises, p. 339, problems' 1(a & c), 2(a & c), 3, & 6

p. 343-344 problems 1(a & c), 2,'3(a
f,

4(a & c) 7(a & b) 8,9, & 10. .

2. Your text and Study Guide

3 Solved Problems ,

Schaums Outline %ries, Theory and Problems of Plane & Solid

Analytic Geometry, pp, 124-127 problems 1,5,9,10;12;13 & 14

Other Readi-ng Sources

Prater- Morrey, Analytic .peometry; pp. 204-206

Murdoch, Oavid C., Analytid Geometry, pp. 91-93

5. Individual Assistance

6. Informal Group Sessions

7. Lecture 12

6.1

t



21-14

5 if-Oaivation tDblectivre I.
,

1. Determine the equations of tile line containing P1 (1.,1;2) and P2. (-1,2,30
in symetric form.

v .

2. 'Write the parametric 'equation's ,for the line determined by the 'following
Conditions: I.

(a) Through P = (1,2,3) perpendicular to the plane 3x + y
(b) Tilirough the,origin, parallel to OR, Q = (-3,2,1)

'and R = (2,-3,1)
Find the direction numbers Of the line represented by'the following
pair of ecluations and write.the equation of the line in parametric form.
2x + y 6 = 0 and 3x + 2z + 12 = 0

)

A

24 a

No

.

A



eit

. Answers:

"'N.".

l

. ...44.0

y - 1 z +

1

,

2. (a) x = 1 + 3t, y j 2 + t, z = t

,(b) "x = 5t, y = -5t, z 0

3. direction numbers = ['24,--42, 1] a Point on the line is

(-4, 14, 0) and a set of equations is:

0
x =

,

-4 + 24t

y - 14 - 42t

Z = t

ANSWERS TO THIS SET ARE NOT UNIQUE

\

,

1,4

so

1

4

, a-

241.
241

a,

9'.
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\

L

Objecitve 21.6

Given sufficient conditions to describe three plane ,0 determine!

1. the equations of the- planes xv

.-
2. :the' solution (and describe if unique, a line, or caplanar)

3, the'distance from a point to any of the planes

4. -the cosine of the angle formed.by two planes

InstrUctional Activities

1. Your' text '

ci

Morrill, W. K., Analytic Geometry, ppl 331-336, pp, 345-349.

Exercises, 333'prdblems 1(a & c) 3,7, and 11.

p. 336, problem 1

p. 347, problems 10, 5

\
p. 349,-prolbems 1,3; & 5

2. Your.text and Study Guide

3. Solved ProlbeMs

'Schaum's Outline 'Series, Theory and ProbleMs of Plane,and Solid

Analytic Geometry, pp. 117-118.- Problm's 7,t,9,10,11, & 14

4. Other-Reading Souroes ,

Protter Morroy, Analytio Geometry, pp. 212-215.

Individual Assistance

Informal Group Sessions

'Self-Evalu b ec i 21 6

1. Given the planes c2x .t z 1 0, 3x - z,4.2 O, and

4i - 2y 4. z 3 0', determine"the solutton.

What is the distance from the yoint (3,1,0) to the plane 2x y

Find the equation ot'the plane that, passes' throught the point

(3,-2,4) and is perpendicula,r-to the planes 7x ly z - 6 ; 01;

.,and.4A y z 4.9

Find the.cosi e of the anglei betWeen the planes 2x - y + z = 7,

and x 2z 11 tos 6 0

4i1



Answers: Objective 2t.6

1.

1

4

6

4x + 11 + Sz - 10 = 0

4. cos@ = ±1/2,

r
L.

4,

a

24 6

A.

4 ....AC

#

1.1

"r
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. Unit 211,-3-U An;lytics

Ratlpnale:

Assume you are the pilot of an airplanel_and you wish to locate your
position with respett to a certain city.- How'Would you describe that position'?
You could say you were 5o.mny Miles nOrt4.,east, south, or west4or anY
compass directionrfrom that city. That still would not'adquately Eescribe
your position since You might be at a NO Ft.'altitute or oR the g'rOund. Therefore
yoU must also add-an altitude reading to yaw position.

AP,

As you see there are some cases where as "plane" cdordinate syste#
(a system of 2 Mutually perpendicular lines) is not'sufficient. Therefore,
this unit will deal with problem. in 3-space.

( do.

Objectives:

r

21.6 GiDen Sufficient condiAions'to describe three planes, determine:
1, the equation of the planes
2. the solution (and describe if unique, a line, or copZanar)
3. the distance from a point to any of the planes

0 4. the cosine of the angle Pormed by two planes

21.5 Given sufficient conditions to describe a line in three space,
determine khe equation of the line in any requested form.

21.4 Determine the equation of.a plant and sketch the plane
1. given three conditions
0. given the intercept form
3. giyen the general form ax + by + cz.+ d = 0

21.3 Perform the following operations on space vectors.s
1. alternating or triple scalar product
2. vector or cross product
3. determine the cosine of the angle between 2 vectors
4. dot product

0
5. addition
6. scalar multiplicptIon

21.2 Determine the directton cosiried of a directed tine segment inkthree
Owe and the diredtion cosines'of a space vector.

21.1 Match ordered triples with ite graphic representation in three space.

?481 245.



c,

Instructional Acti(vitles

Objective 21.1

Match ordered triples with itS gaphic representation in three space.

Task 1.0 (Points in, three spac0.

Read pages 297-298 in your t4xt.
,

After reading the pges, label the coordinate system below such that it is a r'ight

handed system and the potitive X axis is "toward jou." (out or the page)

rt,

246
I

id)

249'

After labeliniithetystem,
,name the.cgordinates of:the
pdints P., P P' . '

2 3

k



t

Nit

Answers: P (1 3 1. 1 "
You work'proAems 1,2,3,4,5, and 7 lan page 300.

Selr-Evaluation Ob ective 21 1

2AI

1. Match each4graphic representation below with its orderes1 triple.
Choose your' answers fram.the set of order0 triples praided.

b.

y

UI

e.

f.

Choose your answers from,thig set. Notice.not evotsy Ordered triple

has a graphic.representation shown above.

(2,-3,1),' (1,1,-2), (3,-2,-2) -1,0,t)

(4,2-3) (-3 -1 -2) (2,-2,1) (3,1,1)

250 24 7

'44
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Answers. Objective 21.1

(a) (0 3, '(b) (3,

e) (2,s-2 1) (f) (3, 1,

44

248

4.

.(c) 0, 0, 1) (&) (-3,
VIP

..

25.1

4

-t



Op

v.,

t.

Instrt&ctional Activities;

Objective 21.2 A

''21-23

Determine the direction cosines of a directed line'ségeent in three space

and the direction cosines of a space vector.

Task 2. 02,(Projections in 3 space)

Read pages.298-299.

After reading the materiAl wgrk problem 9,10, and lla on page 300. The

fi.rst part of "problem 9 and part a of problem 10 is begun for you. ,

t

9. Determine the projections of the following points on the xy-plane

the xz-plane and the yz-:plane, respectively.

(1,11,8).

The projection on the-xy-plane is (1,-1,0)

. The projection on the xz-plarie is .( 1,0,j)
fa

The projection on the Yz-plane is-(

I.

10P (a). Determine the projections of the following segments on the x-axis,

ylkis, and, the z-axis respectively.

' P1 (3,=2,4) to P2 (-1,1,-1)

. The projection on the x-axis (Ax)

The projection on the y-axis (Ay) =
4

The projection, on the z-axis (Az) =

HenceAx = x
2

- x =-1-3 = -4
1

,Ayy2-y1= e

249



, 21-

Answers; AY = y2 - ylo AZ = A y * 1 -2

AZ 22 . z
1
=-1 - 4 = -5

Tas$ 3 ( Scaiar components and magnitude)

Read pages,.301-303. After reading the material work problems 1 a

and 3 on page 304.

Self-Evaluation Tasks 2 and 3

'1. Find theprojections of the segment P1P2 on the x-axis the y-axis

and the z-axis,,where y, = (0,1,4) and P2 = (-3,2,1).

Find the scalar components of the segment P1P2 where P1 . (-3,4.

= (-2,1,2).
P2

,

40

) and

3. Find the length of the segment PI.P where P1 (3,1, 0 and P2 = (-4,3,-1).

1

2 50

./

AIR\

4



a.

01.

YNIP

Answers: Tasks 2 and 3 ,

1. AX -3 Ay . -1 AZ = -3.

2. AX = 1, Ay -3, Az . 1

34 /151"-

410

.7"

Tsk 4 ( Direction Cosines)

Read pages 303-304.

S.

;

On Page 305 work problem 5(ac), 6,9,12, and 13. Problem 5a is begun for

you.

5. Given the inftial points and scalar cOlonents construct each segment,

and find the terminal point, the magnitude ahd the dtrection coOnes

of the segment.

(a) P1 = (1,-3,2); scalar

A X = X2- X Ay
1

2 . x
2

-1 1

components, [2,1,-J]

y2 -11

Y2

x2 = 3 y2 .

YHence P2 . (3,-2,1)

1P11)21 =\CZ

1p1p21=

and
tr A, X

1P1P21

V7

254

AZ =

& A
IP

1
15-21

251



252

N.

255

7



y
2

= -2, '=z2 1, 2

You construct the segmeht in the space provided below.

/ 6

n

After you finish the problems, read page 305 (section 9-6) and read.the

first paragraph on page 306. Also read the last paragraph on page 307

beginning with "The direction cosines of a non-zero vector...." And

308. On page 308 work problem 10.

Self-Evaluation

Objective 21.2

1. Determine the direction cosines of a directed'line segment from P1

to P
2

wherb:

(a) P1 m (1,3,4) and P2 = (-3,-1,0)

(b) PI = 0,4,-2)4' and P2 = (3,-2,-1)

258
253



1

254

a

Determine the lento* and the direction cosin*of tpe following vecibrs.

(a) u [-1,0,3

(b) .v

(C) w [0,0:3]

257

.4
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Answers,:. Objective 21.e

1. (a) .e.= -I

vi
(b)

lu -1

= .4-rt I = 2 4.

(c) (WI = 3, t= m= 0, 1

.'

InstructIonal Activity

Objective 21.3

m= 0 . n = 0

m = 3

Perform the folloWng operations on space vectors.

1. Alternating orstriple scalar product

2. Vector or cross product

3: Determine the cosine of.the

4. Dot product

5. Addition

6. Scalar multiplicatiori

VITO-

A

angle between 2 ve tors

IL

6.4

Task 5 (vector operations - addition & scalar multiplication)

Read pages 306-307

.Notice that subtraction for vectors is'defined in terms of addition.

(to perforM the operation u v you add the inverse of v to u.
u'- v m u (-v)

258 255'

.1



te

Alio notice:thit 64\operation defined by

oo`

ku = k [uip2,u3 miku1;ku2,,ku3.1 is scalar multililfdation.

4
,SCalar multiplication. in 2 dimensions was definedas

k iU1 ud' +ul,ku;]

On page 308, work 'problems 3(a,c, &.e ) 4 a & c 5,6,7 and 9

**

4 ,

Self . Evalua

1. If u = determint the following.

11

(a) u v.

0

(b) u v.
-4*

(c)

(A)

3u

kv

(e) 'express u as a unit vector times a constant

I.

.6t?

25 )

4

41.



,

Answers:

.,,

(a) u + v a [23,1] .

(c) 3u

(e) II

v 14 4

14

Task f' Uosine of angle between 2 vectors and dot Prodlict

Read pages 309-312: .

,

Now work problems I, 2a, 3 a& d, 4a, 6,09,,, ad 10. Problem 3a is begun for you.

Find the cosines cdrihi angles of the following triangles whose vertices

are: P1(2,-1,-1)4, P2(-01,4,21), and P3(1,-1,2).

u =.172 =,

v 173 -

[

, ,V = P.+ *

cos< P2PP3 = tv 5 .0 4- 9

u 1' Air tar

.

cos<P
1
P
2
P
3
'= . v

J61P,

e

TIN

= 14

.1/51fir

4,

I 11



,t$

, . r
Answers.:

,
. , ,, f

. 1 ..

411, -,9-,tp p p . = 45 , cos< P 1 2. = -4 A,.., ,

ig97 41 .z

7 ,.

1/41-6-4. ..

, . . , ;

Sel f-Eval uati on Task ...6-
44 , ,

1..,, Find the io'S1 ne of the angle 4,between 1,-.).P
2

and II+P where P
1

=
, '*- (2 L -3

1 , .

P2 = (3 ,-1,0) , *and PI r- ( 4 44) : : ,

\O`

4

4

414

tels

If

6

*
4 4. ' .

. 46'

28 ,4
4, - '

I.

4

4

0

4.0

43,

/

"--N.
4..'

4

.41

-414 41

JO.

.11

t

4

6
Ilke2

e.

4.

4b"

4

4
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Qnswer: cos<P
2
P 7 '

.

7,0

Task 7 (Vector product & triple scalar product)

Re'ad pages 323L326.

SO far e%)09 operatfon in 3 space has had a corresponding operaiion ina

4
the plane. There has been no operation defined in the plane which

correspdnds to Oe vector.product. You shoul'd-also notiáe that the

results of the operation Is a vector:

The vector product is 'defined as follows:

OR

uX v 1U2V3J u.3v2"13v1- u
v u

' 1
v
2

- u2v1

= lu2 u3.1
. v3 '

Find.the vector product,of thy vector u 1,-3,2] and the vector v 43,4,-2] .

AntWer:

11

441.-

[ I
4P

tr.

In reading the,material yOu shotild have found the statement on page, 326

,

paragrapth "The triple Sce4ar product is a number." This is, true
N

F

..

since. the
o

trip1pica1ar product u. (v 4w) is the dotioduct Ck'r tWO vectors,

since ("si Ythe vector productr4%, 0. ''' ,

..

Ott
/4

"

'2S9



1

2 1-34

Answer: vector

Now work problems 1, 5(0, 6, 7*112tn pages 326-327.

Self-Evaluation -- Objective 21.3

1, _Given the following vectors u = [1, 0., ..-4] v = (2, 5, -3 , and

2 O

w -5], find!:

OP-
(a) the cosine of the angle 0 between u and v.

(b) v w,

(c) 2v 4173u

(d) v,w

.(e) u (v x w)

4

'(f) a'vector Perpendiuclar to v x w

o

2(33



Answers: Objective 21.1

1. (a) cos 0 =
/1". /1-8

4

(b) v w = 19

(c) 2v 3u.= t12, 20,- -18]
,

(d) v x w.= E-16, 13., 111

(e) ( vfx w) 60

(f) w or v

InstruCtional Activities Ohjective,21.4

Determine the equation of a plane aild sketch the plane

1.. , give'n three conditions

2. given the intercept form

3. given the general form ax + by + cz F d = 0

Task 8 (General Form of a Plane)

Read pages. 118-319. You should note iff t the general form (ax + by +

cz.-f d -.0) of the plane is developed like the general form of a line

hy the use of a vector perhendicp1ar to the plane.

On page 320,1workprOblems 2, 4 6 a_ & c 7(a, c, & e), 8(a, c,

9, 11, 13, 15, .and..16(a)..

g2.(1.1e

Find thq equation of ,the plane parallel to the ,ji.z plane and

,containing the point (19 -19 2)

2 61



21-36

"p

Solution Example .16(a)

ti,oce the required plane is parallel to,the y pl.ane, a norma1

vector.is u = [I, 0, Q]. Hence the,equation of the plane ig of'
. ,

the form ax +'d = 0 where d =.-ax1 -byl -czl. 1et . [1, 0, 0]

then d = -1(1) - 0 - Os=- g-1. Hence the requi,red: equation is _x 2 = 0..t

. Problem 11 is begun for you:

Find an equation.of Me ,plane that is parillel to.the x-axis and

contains the poi-nts P1, ( 2,-1,3) and P2(-1.,0,5,)
. Since the required

plane is parallel to the x-axis, a normll .vector is u = b,

Hence the required equation will kie of the form by + cz + d = 0 .

also u P1P2 = 0

P1P2

and u P
1
P2

and

Henge,b + 2c 0 and b = -2c.

_Let c = 1, hence b =

and the equation is of the form -2y + z d = 0.

/\

Since d = -ax 1 -by], -cz 1, d

Hence. the equation is 2y.- z + 5 = 0.

11

fr

After finishing the problems 0 n page 320-321, read page 321 and work problems

1, 2, and 3 (do a & c in each) on p,,?ge 322.

262 265
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Task 9

Read pages 322-323 and _work problems l(4 c), and 2(a, c) on page 323.

Task 10

Read'pages 328-330. The two examples 10-10 and 10-12 should be very

helpful. Now work problems 1(a, 2,3, 4, 8, 9, vid 12a.

Self-Evaluation Ob ective 21.4

Given the equation 3x - 2y z - 7 O. Write the equation

in-the intercept form and find the intercepts. Now sketch

;plane using the intercepts as an ai0.

Determine the equation of the plane that satisfies,the following

conditionS:

(a) Find the equation of the plane through the popt

0 (-3, 5, 1) perpendicu'pr to a line with disrection

numbers 4, 1, -3. N%

(b) Find the equation of the plane through thepoints

(0, 0, 0), (1, 1, -1), (0, 2, 1)

266

,



21 -38,

264

Answers!

1. 7/3
1 x intercept = 7/3

y 'intercept 4 7/2

1
z intercept = 7

(a ) 4X y - 3z +410 = 0

(13') 3x y 2z 0



Objective 21 5

Given sufficient 'conditions to descrte\a'line in three
space, determine the equation of thp libe in any required
form.

Instructional Activities ,

Taskil (DirpCtion numbers & Direction cosines of a line

Read pages 338-339 and work.problems 1(a, c), 2(a, c), 3, and 6 and page 339.

Task 12 (Parametric Equations of a Line)

Read pages 340 and work problems 1(a & c).and 2 on page 343.

Task 13 (Symmetric Equations of a Line)
.*

Read page 341 and wonAlproblems 3(a, c) and 4(a, c) on page 343.

Task 14 (General Equations of a line)

Read page 341-342. You should be aware of the fact that in each form,

parametric, symmetric, and general, it takes twoequations to determine

a line. Now work problems 7(a, b), 8, 9, 10, on pages 343-344.

Problems. 7(a) and 8 are begun for-you.

Problem 7. Find clireCt'ion number of the line represented by the following

pair of equations and write each line in parametric form.

(a) 2x - 3y z - 6 = 0 and. x y 2z 4. 4 = 0

Solution:

1.1.ef =[2, -3, 1] and v = [l, -1, 2].. Then

I 131 12 I

265
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Hence the direction numbers are

Let z . 0, equations of the line become 2x - 3y - 6 = 0 and

Solving for x and y yields,

x and .y =

The Point P = ( , 0) lies on both planes. So parametric equations

of the line are

arid

_



Answers:

U X V

di recti on numbers : [ -5, -3 , 1]

.equations of the line 2x - 3y - 6 . 0 and x y + 4 = 0

I 6 -3 I 1 2 6

x =
1-4 -1

11 = -18 1 1 -4 I

=
.114

2 -3

-1 I

.

Y 7-
2 -3

-1 1

t1-41

[-5, -3, 111

P . (-18 -14, 0)

parametric equations are x = -18 5t y -14 - 3t z = t

NOTICE: To obtain the answers in the back.of the text let z = 1

instead of z = O.

8. What are the equations of the line that passes through P(2, 3, -1) and is

parallel to the line represented by the equations 3x + 4y 2z + 0

and - 2y z - 2 . 0?

2 frzo
4 267 /
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Solution:

Since the required line is parallel to the line determined by the

planes 3x + 4y - 2z + 6 . 0 and x -'2y z - 2 = 0, the required

line is represented by the equations 3x + 4y - 2z + d1 = 0 and

x 2y z d2 = 0.

Solving for d1 and d2 yieidi

d
1

7 7a,x1 blyl c zl d
2

= -a
2
x

1
-'1)

2
y

1
-

Hence the equations are;

d

3x + 4y - 2z -20=0 and x 2y z + 3 = 0.

Self-Evaluation ObleCtive 21.5

1. Determine the equations of the line containing P (1, 1,

208

and P
2
(-1, 2, 3) in syqmetric form.

:

Write the parametric equat ns for the line determined byi

following conditions:

(a) Through P (1, 2, 3) perpendicular/the theplane

3x + y z - 6 = 0

(b), Thromgh the origin, parallel to Q01, Q =

and u = (2, -3, 1),.

2'
11



Find the direction numbers of 4e line represented by the following

pair of equations and write the equation of the line in

parametric form..

+ y 6 = 0 and 3x + 2z + 12 = 0

0

2/ 2

4lop

269
s).
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21-44

Answers:

y - 1 z + 2

5

0 P

(a) t, y = 2 + t, z . 3 - t

(b) x5t, y z 0

directionknumbers = [24, -42, 1] a point on the line is

(-4 14, 0) and a set of equations is:

x = -4 + 24t

- 14

z t

ANSWERS TO THIS SET ARE NOT UNIQUE

A

t

.'

4.
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,0b4ective 21.6 ,

Given sufficient conditions to describe three planes, determine:

:LP

. 1. the equation of the planes

2. the solution (and describe if unique, a line, or coplaner)

-4

-3, the distance Irofil a point to any of the planes

4. the cosine of the angle forMed by two planes

,InstrUctional Activities

C.

Task.15 (Distance from a plane to_a point)

108.4

Read pages 331-332 and work problems 1(a, c)., 3, 7, and 11 on page 333.

"6

TS;k.lf) (Angle formed by two planes')

*Read pages 334 and work problem 1 on page 326.

-task 17 (Detenmining solution-given three planes)

Read pages 345-347 and work problems 1, 3, and 5 on Pages 347.

NoW'read'pages 3477349 and worLproblems l al./and 5 on page 349.

S'elf4V ectiVe 21.6

.

1. Given the'p1fres 2x + y - z - 1 = 0, 3x y z + 2 = 0, .and

,
4x (:12-Y z' - 3 0 deternfto the solution.

.

,

I,

274
i

,...1 A

,
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0 .1

J.
I

0.0

eg

.44, %rift

the dAtanct frOmfthe. poilit (3, 1 0) to the plane 2x
(

0

,

Find the equation of the pl-ane 6at poses through Vie Pobit (3,

and i.s -perpendicular to4the planes 7x 3y 4- z - 5

4x y +.0 = O..

1

I " 4 Find t,he cosines of angles between the planes 2>c
, . I

, y - 0
.41

Ot'
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.Rationale:

Unit 22. -- PAitiMETERS

22-1

Quite oeten it is.helpful in the solution of problems to express two

or morevariables in terms Of a single.vatiable. This procedure is

especially useful when time is involved. Con&ider the,following 'problem

\,and solution.

Problem: A passenger train traveling 60 miles per hour covers a
'

certain distance in 2 houys less time than a freight.train traveling
4

:56 lies. per hour. .-Find ehe distance- traveled-by each,train.

Solation: Let d 60(t - 2) represent he distance traveled by
1 )

)

the passenger tratR end d2 50t the disLanee 'traveled by the

freight train-for time t. Since d1 d2 then Ot -.120 50t

42..A or 10t ..,120 and t hours. Thus, d2 d1 600 miles.

In the solution to-the'above problem d1 and d
2

were both expressed

, parametrically i.e., bothwere expressed in'terms of Cir.

,As.-ansither example of how parameters can be used, consider the

following situation.

An .airplane heading dpe north flies directly 'aver an airport, there

iS A crosswind blowing due east. If the plane is headed nortg.at

30) mph and the wind is biowing east at 50 mph, determine the

qunctkon 41 dil determines the distance froM the Airport at any time.
,

Let.-d
1

Oft, be tlie plane dieNtion vector at time t.

be the wind vector.at,,tiMe tTheu d(t).

. plane's patll vector. Tha, d(t) ri/92500t

from thesairport at time t.

50t

(300t) + (At) is the

represents the"distance

4.

u.
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. 22-2 A

The above problem illustrates another use o aparameter. TOo

c

variables were expressed in terms of a pakameter, Ilowing one tb establish

still another variable in terms of the parametert

Suppose, in the above problem, one was asked to establish the

equation of motion of the airplane considering the airport to be the

.origin, due east as the positivelva41 and due north as the positive,

y-axis.

4

Aen for a fixed time

.-/- t. Hence,300
x _Y-

50 300

x 50i and y 300t. Thus, t

or 6x y or the equation.of motion is

6x y 110 and the WA:ion is along the line destribed by this,equation.

ir"
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4.
F.

ThUs it is again useful 6 use a parameter. in this case x and y

.:
were expressed In terms of t and t\ n the parameter pa's eliminated to

22-3

obtain the result in x and y.
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Objective 22.1

Can write parametric equations of lines satisfying given condition's
and given parametric equations of lines can graph the lines and
determine charactr;eristics of the lines..

//
.

Activities 22.1
f

1. Your Text

4 Morrill, Analytic Geometry, pp. 59-61
Exercises,' pp. 61-62, problems 1,.2, 3, 6, 9

I.

2.. Other Reading Sources

Love and Rainville, Analytic Geometyy, p. 180.'

. Shuster, Elementary Vector Geometry, p. 77.

Hart, Preparation for Calculus, p. 262.

Wade and Tdylor, Contemporary kalytic Geometry, pp. 51, 274, 109.

Protter-Morrey, Analytic Geometry, p. 56..

3. Individual Assistance

Instructoi available in PIP1 Center.

k

Self-Evaluation Objective 22.1

1. Find the parametric equaaons.of the lipe through -each of the following
pairs of points.

(a) (2,-0,- (4,0)

(b) (3,1), (3,7)

(c) , (2,2)

'2. ,ikind the direct4on numbers, a point on the line., graph, and eliminate the
parameter of the lines below,'

P

(a) x + 2t, y 4t

(b) x St - 3, y t + 5

3. (a) What is the slope of a line parallel to x 3t - 5, y 0 2t 4- 8?

(h) What is the slope of a line perpendicular to x -t 1, y 0 3t - 6? '

(c) Find the x 'intercept in 3b.



4. Write the par metric équationof a line containing the point (1,-3) and
parallel to [-1,-1].

, .

Answers:

1. (a) x 2 + it, y u -1 + t

(b) x 3, ,y 1 ± t

(c) x -5 + 7t, y 1 + t

2: (a) .[2,4], x -3 + (y 2x + 6)

, 1 28 , -(b) [5,1], (-3,5), x 5y - -28 ky ".-§ x )

(b)

,
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Oblective 22.2

;

Can write parametric equations for conics and given the parametric
....uezt4tions for a conic can identify-and sketch the graph of the conic.

Activities 22.2
"."'=7.

1. ''Your Text

Norr111, Analytic Geometry.
:txercises: pp. 149-150, problems 1, 2

,pp. 167-168, probleys 1, 2, 3,
pp: 184-185, problems 1, 2, 3

2. Other Reading Sources

Love and Rainville, Analytic Geometry* p. 181.

# 0,

Wade and Taylor, 'contemporary Analytic Geometry, pp. 51, 157, 159, 160.

Protter-Morrey, Analytic ,Geometry, p. 175.

3. . Solved ProblemS

4

CS.

Schaums Outline Series:. The and Problems of Plane and Solid Analytic
.Geometry, pp. 98-99, problems 1 , 17, 18; pp. 104-103, problems 51, 56,
57, 58, 63, 66.

4. Individual. Assistance

Instructor available in PIP1 Center.

Sv Nialuation Objective.22.2

l. 1;012etermfhe the following conic dectionsf

28()

(40-. 3t, y = 4t2

(b) x 5 3 sin y.= cos

2..
(c) y -t + 2, 4

(d) 2. 3 cos 0, y =4 ain 0

(e) x 2 sec -0, y 5 tan 0

(Write the equations* find e, and the coordinates Of the foCus.)

91Q,)

,

if)
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.0`

2, WrLte the following equations parametrically:

(a) y
2

3x

(b) x
2
+ y

2
- 10

x
2 2

= 1(c)

Answers:

4 2
1. (a) = -9- x e = 1, (0, )

(b)' x2 -F. y2 .2,9 circle

(c) (y 2) 3+ 4), e 1, vertex.(-4,2), F (-3 ,

iT
, e (0, -±11 )

/2-§-
F (-1-1, 0)

(b) x 55.cos 0, y /1.0 sin 0

(c) x = 4 cos 0, y 5 sin 0

283
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22-8

Objective 22.3

41

Can sketch the graph and find the Cartesian equation for a curve
given the parametric equations of the curve.

Activities 22.3

1. Your Text

Morrill, Analytic.Geometry, pp. 283-291.
Exercises: p. 291, problems 1-14.

2. Solved Problems

Schaum's Outline Series: Theory and Problems of Plane and Soli
Geometry, pp. 99-101, problems 16, 19, 20, 21, 22, 23; pp. 102-
problems 50, 52, 53, 54, 55, 59, 60, 61, 62, 64, 65, 67, 68.

3. Other Redding Sources

Hart, Preparation For Calculus, p. 270.

Protter-Morrey, Analytic Geomqtry, p. 157.

4., Individual AsSidtance

Instructor dvailable in PIPI Center..

sivaluation Objective 22.3

1. °Eliminate the parameter, in the,following pairs of quations.

(a) x = 2t + 1

y = 3t
3
+ t 7

3
(b) = + 1

y = t
2
+ 2t

(c) 3 sin 0
0 it kit, k z

2
1 - cos -0

(d)

t 0

t + 1

y t
2
+ 2t + 7

0 < t 2 8

es,

Analytic

93,



if
Answerp:

(a)

(b)

(c)

(d) y

'

« 9)3
2

7

x
4 _ix2

+ 7 x 0 .11:12 (x2 = 1)(x2 - 1)

si5

.

1"

22-9
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ObAeCtives 22:4,

Can write the parametric equations fir lines and planep in .space.

Activities 22.4
7

1. Your Text

Morrill, Analytic geometry, p. 340.
Exercises:. p. 243, problems 1, 2, 7

pp. 349-351, problems 1, 2

2. ,Solved Problems

4.

chaum's Outline Series: Theory and Problems of Plane and Solid Analytic
Geometry, p. 123;' p. 126, probkem 10;'p. 129, problem[1.6e.

3. Other Reading Sources

4.

Protter-Morrey, Analytic Geometry, pp. 204-205.

Hart, Prevration for Calculus, p. 314.

BradyMansfield, Analytic pectmetry, p. 220..

Wade-Taylot, Contemporary Analytic Geometry, p. 274.
,

Individual AsSistance

tristructor available in PIPI Center.

Self Evaluatlon Objective 22.4

1. Find the parametric 4quat1ons(of the plane through the"points:

ly-1,1,1),

2. Find the parametric equation of the plane 3x - '2y + 7z 7.

3: What'is the parametric equation of the line which is the intersectin of
the planes:

+ 7z 5 and 2x + 2y - 2z =.0
4

4. Use.the solueion of problem 3 to find the point of intersection of the::

planes in problem 3 With the4plane x - 5y + 3z 6.

,:t'',
2 84.; .,,:504,:,,

k
t,

1114. 44
*

)00.:
284
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Answers:

1. x .-1 + 3t + t'
y 1 2t + 2t'
z = 1 - 2t. + t'

2. x +

= -2t + t'
z = 1 t

3. x 1 t
y 2t 0- i
z = t

. (1 - t) 5(2t 1) + 3t = 6
t = 0

/-

= 1, y = -1, z = .0 is solution.

t

3

Z.

I

4.

a-

p.

3

r'

4


